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Abstract

The study incorporates the effects of ivermectin drugs, which effectively kills the onchocerca volvulus microfilarae
in the human hosts. The study examined the existences and Equilibrium states of the model systems, and also
carried out the stability analysis of the models equilibrium states using Bellman and Cooke’s theorem. It was
established that the state of total eradication of Onchocerciasis would be achieved and asymptotically stable in

Nigeria if and only if,J =F(0)G'(0) > O whenever the ivermectin drugs and other control measures are

maintained throughout the targeted period.
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1.0 INTRODUCTION

Mexico is the world’s third nation on July 29, 2015 to
receive official verification of elimination of the
disease from the World Health Organization (WHO,
2015). In September 2014, Ecuador becomes the
second country in the world after Columbia in April
5, 2013 to be declared free of onchocerciasis after
successfully implementing elimination for decades
(WHO, 2014a). Onchocerciasis is a common,
chronic, multisystematic disease caused by the
nematode onchocerca volculus. The disease
characteristically includes dermatologic, lymphatic,
ophthalmologic and systematic manifestations.
Human transmission of the disease is caused by a
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multiples bite from the intermediate host, the blackfly
(genus simulium). Black flies breed along waterways,
which can vary from small streams to broad rivers.
Affected individuals usually live or work within a
few kilometers where the vector breeds (Yaya et al,
2014). Until recently the blindness and skin
pathology caused by heavy infections, has long been
associated with a high incidence of detrimental
effects on socioeconomic development and public
health in endemic areas (WHO, 2014b). The disease
is transmitted when a blackfly bites a person suffering
from river blindness. When sucking the blood, tiny
filarial worms are also taken in and the fly becomes
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infected. On biting another person, it transfers these
tiny worms which grow into adult worms. These
adult worms go into lumps called nodules and there
they reproduce other tiny worms. These tiny worms
are then released to other parts of the body. Their
movement under skin causes serious itching (Jibril
and lbrahim, 2011).

More than 99% of African onchocerciasis cases occur
in 27 subs — Saharan countries, about 120 million
people are at risk for infection in the continent
(Medscape, 2015b). In West African savanna, the rate
of infection reached as high as 80 - 100% between the
ages of 20 years, with blindness peaking at age 40 —
50 years. In African forest areas, itching has affected
42% of the population older than 20 years and skin
lesions have appeared in 28% of persons aged 5 years
(Madscape, 2015a). About 50% of people older than
40 years may become blind in endemic areas,
particularly in Africa, where females had a risk of
death approximately 7.5% less than males. This is
because men are affected more often than women as a
result of involvements in farm and field occupation
(Cooper et al, 1995). Nearly half of all river blindness
diseases cases in the world are found in Nigeria.
Approximately about 7 million Nigerians have the
infection and 40 millions might have the disease if
not urgently treated. Disease burden reported that
onchocerciss is an important cause of blindness in
many parts of northern Nigeria (Njepoume et al,
2009).

2.0 MATHEMATICAL FORMULATIONS
2.1 Model Assumptions

The epidemiological features of onchocerciasis lead
to the following assumptions about the transmission
dynamics of the disease:

e We assumed that both vector and human
population are equally and are likely to be
infected due to exposure to the vector
breeding environment.

e That both infected and removed individual
does not immigrate.

e That the new born are major source of human
population recruitments.

e That the model ignores processes on parasite
incubation periods in both populations.

76

The socio economic importance of the disease was
the main reason for creation of the Onchocerciasis
Control Programme in West Africa (OCP) in 1975,
Onchocerciasis  Elimination Programme in the
America (OEPA) and the African Program for
Onchocerciasis ~ Control (APOC). Multiple
programmes are working extensively to treat, to
prevent and to eliminate onchocerciasis but
onchocerciasis is still a very relevant world health
problem (NTD, 2015). These programs rely on the
regular distribution of ivermectin or mectizan drugs
to lower the filarial load in affected individuals and
thereby reduce the transmission and to mitigate the
clinical manifestations of the infection. lvermectin is
an antimicrofilarial agent that acts as secondary
prevention in infected individuals, reducing
microfilarial survival and the burden of disease. It
also provides primary prevention for the community
by decreasing the number of microfilariae picked up
by simulium during blood feedings, thus reducing
transmission (CDC, 2014). This paper aims to
formulate and to study the existence of the model
system equations with effects of ivermectin drugs
proposed by (Jibril and Ibrahim, 2011). And also to
examine models equilibrium states together with the
corresponding models characteristics equations and to
analyzed the equilibrium states for the stability of
onchocerciasis  transmissions  dynamics  using
Bellman and Cooke’s criteria.

e That the model ignores the regulation of
parasite population growth.

e That the individuals have annual free access
to ivermectin drugs.

e That the natural death occurs in each

population compartments.

e That the death occurs in infected human
population class due to chronic river
blindness.

2.2 Description of model parameters and variables
i) Host and Parasite Populations

H: Density of Human hosts.
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V: density of Vectors (assumed to be constant).

H, (t): Compartment of human host susceptible at
time t.

H, (t) : Compartment of human host infective at time
t.

V (t) : Compartment of vector population susceptible
attime t.

V, (t) : Compartment of vector population infective at
time t.

w . Recruitment rate of human host susceptible
(Births).

ii) Transmission Rates.

0,,: Transmission rate from vector infective into
human susceptible.

o, : Transmission rate from human infective into
vector susceptible.
2.3 Mathematical Formulation of Model Equations

f: Movement rate out of human infective into
human susceptible (recovery).

& Movement rate out of human susceptible into
human infective compartment.

o : Proportion of successfully ivermectin or mectizan
cures the patient.

y: Movement rate from vector susceptible into
vector infective.

iii) Demographic Rates:
7,, - Natural death of Human hosts susceptible.
7, . Natural death of Human hosts infective.

o : Death of Human host infective as a result of
chronic river blindness disease.

ps - Death rate of vector susceptible.

p, - Death rate of vector infective.

The following equations were derived based on the basic assumptions for the dynamics of the disease in the host

population.
dH, (t
d( ) =wy+o.V, +afH, -&HV, -7, H,
dH, (t
—I( )szsvl —afH, -7 H, —oH, -4, H,

dt

V,
‘ S(t) =0,H, = psV, =1V
dvét(t) =N —pV, -4,V

2.4 Existence of Solutions to the Model System

@

As presented by (Akinyemi et al, 2015) to study the existence of HIVV/AID models.

2.4.1 Statement of the theorem: Suppose we have the systems of equation below:
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Vo= F(6 Yo Yo e Yo)o - Valto) = Vi

Y, =0t Y, Y, YD), Y. (t) =y

- 2 2 1 2, 2\*0 20 (2)
Vo= ot Yo Vo, o Ya)u - Yalt)) = Vg

Equation (2) can be written in a compact form as:

y, = f(ty), yt,)=y,; where, i=12,.... N 3
Theorem 1

Let Z denotes the region, such that

t—to|<c, and ||y —y,||<d, where, y=(¥,, Yoo Yo) 5 Yo =(Yio Yoor coeeens Vo) (4)
And suppose that f (t, y) satisfies the Lipschitz condition

[T y) =y | < K[y - e )

Whenever the pairs (t, y,) and (t, y,) belongtoZ , where k is a positive constant 6 >0 such that there exists a
unique continuous vector solution X(t) of the system (3) in the interval |t —t0| <. It is important to note that the

condition (5) is satisfied by the requirement that: — ; 1, J=12,........ ,n

i
Are continuous and bounded inZ . We investigate the existence and unigqueness of solution of the model systems
around the region by satisfying:

1. The region of the interestis 0 < w <R
2. A bounded solution of the form 0< R < oo
Are found in the region Z , whose partial derivatives satisfy 6 <@ <0, where @ and & are positive constant.

Theorem 2
Let Z denote the region0< @ < R. Then the model systems (1) has a unique solution which is bounded and

continuous in Z .
Proof: Let

fi=y+6,V, +afH, -SHV, -7, H
f,=¢HV, —apH, -7 H, —coH, -6, H,

@
fo=6,H, —pV, =V
f,=0Vs—pV, -6,V
We show that i oL =12 , N are continuous in Z. Then, the partial derivatives of systems (8) are
X

j
given below:
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aal—fllS ==V - ol <o —| af| <o S\f/ =0; ‘%=|5H—§Hs|<oo
aai: ‘57 ] <=0 ‘——I—I |7l <
86:;; B ‘aa:[: =0 av =[] <0 ‘?T‘t=|—p,—5,4|<oo

It is distinct that all the partial derivatives in (9) are continuous and bounded. Hence, by theorem 1, there
exist unique equations in (1).

3.1 Existence of Onchocerciasis Disease Free Equilibrium, Eo.

These are steady state solutions where there is no onchocerciasis disease presence in the human
population.

At equilibrium point,

dHg (t) _dH, (t) _dvg (1) _ 4y, (t)

= 10
dt dt dt dt 0 ( )
We let,
Hs(t)=x  H, ()=x_ Vi(t)=x V,(t)=x, (12)
Substituting,
W +afX, + 6% —(EX, +7,4)% =0
ExX, —(af+1,+0+8,)%, =0 12)

5VX2_(pS +7)X3 =0
7X3_(,0| +5H)X4 =0

Solving the model equations in (12) for the disease free equilibrium state. We obtained the Disease Free
Equilibrium state as:

(><1,x2,x3,x4):(rl,o,o,oj (13)

H
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3.2 Existence of Onchocerciasis Endemic State Equilibrium, E;.
These are steady state solutions in which the onchocerciasis disease persists in the human population. We obtained
the Endemic Equilibrium state as:

(ps +7)("| +Iy )(“ﬂ”l +‘7+5v)

X =
cro,

. (o) +4 ) (pg +y)[w§y5\, ~y (pg +7) () + 0y )(eB+7, +o’+5\/)j|

2 7%y [g(pl +5H)[(ps+7)(f| +0)+p35\,]+§yp|5v] "

Xy = (p| +51 )[l//é%\/ -7y (/’s +7)(p| +8 )(aﬂ+z'| +o+5\/)}

7L 2(or o) (o5 +7)(m1 +o) o5y ]+ 21y |
_verdy —ty (pg +7)(py +oy)af+7) +o+dy)
4 §(P| +5H)((T| +O')(/35 +7)+,035\/)+§7/3|5\/

X

4.0 Stability Analysis of the Model Equations at Equilibrium Point.

On obtaining the equilibrium states, we then investigate the stability of the equilibrium states by examining the
behavior of the model near the equilibrium states.

4.1 Stability Analysis of the Disease Free Equilibrium state.

We have already established that the systems of the model equations in (1) has the disease free equilibrium state,

E, = EK ,0,0, Oj . Then, the general variational matrix corresponding to the systems of model equations in (1) is:

Th
e, op 0 Sy — ()
™H
120 —(aBrry +o+4)) 0 r:(rl) (15)
H
0 LY, —(pg +7) 0
0 0 v _(p| +5H)

Thus, this gives the Eigen — values:

le—z'H,ﬂ,z :_(1//576\/ +afi+1, +a+5\/], 23:—(%&}6\/ +Pg +7], Ay :—(m+p| +5HJ (16)
T

™y H TH

Obviously, all the eigen — values A, 4,, A;, and 4,, are negative, thus the systems of the model equations (1) is

Locally Stable around the disease free equilibrium state, E, .
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4.2 Stability Analysis of the Onchocerciasis
Endemic Equilibrium state Using Bellman and
Cooke’s Theorem.

4.2.1 Theorem 3: Bellman and Cooke’s Theorem

M (Z)=P(Z,¢*) WhereP(Z,Y); is a polynomial
with principle terms; suppose M(i,y),y € Ris
separated into its real and imaginary
partsM (Z) = F(y)+iG(y), if all zeros of M(z)
have negative real parts, then the zeros of
F(y)and G(y) are real, simple and alternate. Thus,
J=G (0)F(0)-G(0O)F (0) >0, for all ye®R.
Conversely, all zeros of M (Z) will be in the left half

plane provided that either of the following condition
are satisfied:

1. All the zeros of F(y) and G(y) are real, simple

and alternate and inequality (17) is satisfy for at
least oney.

2. All zeros of F(y)are real, and for each zero, the
relation (17) above is satisfied.

3. All zeros of G(y) are real, and for each zero, the
relation (17) above is satisfied.

Applying theorem (3) for stability analysis of the
endemic equilibrium state as applied by (Momoh et
al, 2012).

H(A) =1 +A%(c, +6, +ps+y+p, +0, +af+pp, +1,+0) +A*(afr, +psd, +S,1, + 1P,

+y0, + 1,7y +OT, +7T,ps + 0, Ps +T, 0y +00, +1,0,+0,0, +0ps +yp, + 70, +7,0, +Tp +

afips +ofo, +t.y +aPy+aPp, +op, +oy +6,y +0,0,) + A6, T Ps +0,7, 0 + Ty Ps P, + T PO
+Ty 7P, + T4 Y0 +afps py +afpsoy +afyp, +afyo, +aft, py +T,pspy + T P50y + T Py +T V0 +
OPs Py + POy +0yP, + 00y + 0, Pspy + 0, POy + O,y py +affty Oy + 0,7y p +afit, ps +afityy
+T Ty Ps + 1,70y + T, Ty P + T Ty + 0Ty Ps + 0Ty Oy + 01,y + 0Ty Py +0, 70, +6,7,7) + 7,7 POy

+T Ty Ps Py + T TWY P+ T Ty YOy + 0Ty PPy + 0Ty POy + 0T Y P+ 0T, Y0y + 0, T Ps Py + O, Ty Psby

+O, T4 )0, + 0, Ty YOy + afTy yO, +afiT, ps py +afiT, POy +afT P, +

H

Setting A=iw 29)

H(4) =H (iw) =(iw)4 +(iw)3 [(z, +S, +ps +7+p, + 6, +af+psp, +7, +0)] +(iw)2 [(aBr,, + psS,
+0,7y +yp, + Y0, +1,7, +OT, +T,ps +0, 05 + T, 0 +00, +T,p,+06,0, +0ps +yp, + 70, +7,0,
+Ty Py +afps +afd, + 1,y +afy +afp, +op, +O7/+6v7/+5vp|)]+(iW)[(5vTHps +0,T 0y + T4 Ps Py
+7, P50y + TP, + Ty Y0y +afps py +afpsby +afyp, +apfydy +aft,p, +7,0sp, +7, P56 + 1Y P +

7,70y +0Ps Py +0PsOy +0yp, +0Y8, + 6, pspy +0, psOy + 0,7 py +afty 6 +06,7y py +afT, ps +
afT Y +1,Ty Ps + T Ty Oy +T,Ty P, + T, Ty Y + 07Ty Ps +0T,0y (20)

Rearranging into real and imaginary parts, we have

H (iw)=F(w)+iG(w) (21)
FW)=w'+W[(aft, + o0, + 8,7, +)p, + Y0, + 1,7, +0OT, +7,05 +06, ps +7 0y +00, +1, 0, +
8,0y +0ps + 1P, + Y0, +7,0y + 1,0, +afps +afd, + 1,y +afy +afp, +op, +oy +6,y +6,p)]
+ 1,7y POy + T, Ty Ps Py +T,TY Py +T,Ty 10y + 0Ty Ps Py + 0Ty POy +0Ty P +0T 70y + 06,7y Ps Py
0,
+0,T PsOy + 8, TP, + 06,7470y + T 10y +afity psp, +afity psoy +afT o, + yery (22)

Ty
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iG(W)ZWS[(TH +O, +ps+y+p +0y +af+psp +1, +G):|+W[(5VTH:DS +0,T 0y + Ty PsP) + Ty PsOy
+ Ty + T4 Y0y +aPps p, +afpsoy +afyp, + afyd, +aft,p +T,psp, +7T,P504 +T,V Py +T,70y
+0pg P, +0pPsOy +0Yp, +0Y0, +0, Ps P, + 0O, POy +O, ¥ p, +afft, O, +0,T, p, +aft,ps+afr,y
+ 7,7y Ps + 1,740y +T,Ty P, +T,Ty Y + 0T, ps + 0T, 0, +0OT, ¥ +0T,p, +0,70, +0,7,7)] (23)

Differentiating (22) and (23) with respect to w and setting w =0, we have

F (W) = 4W° + 2W[(afr,, + POy + 0, Ty + 10, + ¥Oy +1T,Ty + 0Ty +T,ps + 0O, P + T 0y + 00, + 1, P, + 38,04
+0Ps + 7P, + YOy +T,0y +Typ, +afips +afd, +1,y +afy +afp, +op, +oy +0,7 +0,p,)] (24)

Gl(W)zng [(TH +O, +ps+y+p +0y +af+psp +1 +U)]+[(5VTHPS +0, Ty + Ty Ps Py + Ty POy
+ Ty )0, + T ¥y +afps py +afpsby +afyp, +afyd, +aft,p, +7,psP) +T,Ps04 +T,7 P, +7,70y

+0ps Py + P50y +0yp, + 00y +8, ps py +8, P50y + 6,y py +afT, 6y +8, Ty py +afT, ps +afTyy

+1,T Ps + 1,740y +T,Ty P, +T,TqY + 0T, ps +0T, 0, +OT, 7 +0T,p, +0,70, +0,7,7)] (25)

F(0) =77, 56y + 7,7 Ps Py + T\ TY P +T,Ty Y0y + 0Ty Ps Py + 0T, PsSy +0T, Y P + 0Ty Y0 +6,T4 Ps )
T

H

+0,7 P50y + 6,770, + 6,710 +afT, 15, +afTy psp, +afiTy psdy +afiTyyp, +

G(O):3(O)|:(TH +O +ps+y+p +0y +af+psp +T, +O_):|+O[(5VTHIOS +0,T 0y + Ty PsP) + Ty PsOy
+ Ty )P, + Ty YOy +aPps py + afpsdy +afyp, + afydy +aftyp +1T,Pspy +T, P50, + T, 7 Py +T, 70y
+0Ps Py +0PsOy + 0y, +0Y0y + 8, Py Py + 0y PsSyy + 0y 7 Py +affTy Oy +8,Ty Py +afTy ps +afiTyy
+ 7,7y Ps + T, TyOy + 1,7y P, + 1,74y + 0T, Ps + 07,0, +OT )y +0T,p, +0,10, +O,7,7)] (27)
. G(0)=0 (28)
F'(0) =4(0) + 2(0)[(afty + psSpy + 0,7 + 10, + V0 +T Ty +0T +7,p5 + 6, Ps +7,,0y + 00, +T, Py
+08,0y +0ps + 1P, + V0, + 1,04 + T o +afps +afid, +Ty +afy +afp, +op, +oy +8,y+6,p)]
= F'(0)=0 (29)

And,

GI(O)ZB(O)[(TH +O, +ps+y+p +Oy +af+ psp +1, +O')]+[(5VTHPS +0,Ty 0y + T PsPy + Ty PsOy
+ TP + T4 POy +aPpspy +aPpsSy +afyp, +afydy +aft,p, +T,pspy +T,P56 + T,y Py +T, 70y
+0ps Py + 0Py +0yp, + Y0y + 0, Pspy + 6, psOy + 0,7 py +afT 0y +0,Ty p +afity ps+afryy
+T,Ty Ps + T, Ty Oy + T, Ty Py +T,TY + 0T Ps + 0T Oy + 07,7 +0Ty o, +6, 70, +6,7,7)] (30)
= G'(0)=6,7,ps + 0,7 Oy + Ty Ps P + T PO + TP, + T4 V0 +afpsp, +afpsSy +afyp, +afys,
+afT P+ T, ps P+ T, P50y + T Y Py +T, 70y +0Ps Py +0PsOy +0yp, + 070y + 8, PPy + 6, PsOy
+0,7 py +affty by, + 0,7y Py +afTy ps +afTyy + 1Ty Ps + 1T Oy +T,Ty Py +T,Ty) + 0Ty Ps + 07,0y
+oT,y+0T, P +O,¥0, +,T,Y (31)
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From the same condition

G (0)F(0)-G(0)F (0)>0
Substituting equation (28) and (29) in (32)

ie. G(0)=0 and F'(0)=0
Hence, equation (32) becomes;
F(0)G'(0)>0
We let, J=F(0)G'(0)

Hence, J>0

the inequality:

(32)

given by

(33)

(34)

(35)

Obviously, the condition in theorem (3) holds. Therefore, the onchocerciasis endemic equilibrium state for the

model systems is Locally Asymptotically Stable (LAS).

5.0 NUMERICAL SIMULATION METHODS AND DISCUSSION OF RESULTS

Using hypothetical values for parameters of J we used mathematical software (maple) to evaluate J and the

results are presented in the Table 1.

TABLE 1 Stability Analysis of the onchocerciasis model at endemic equilibrium state using Bellman and Cooke’s

theorem
¢ e | B |7 |o |6 |6 |V T, | T Sy | 6 | F(O) G'(0) J Remark
05 (0.0 [0.0 010102 (025 |01 |015 |00 |00 |0.00350 |0.0715 | 0.00025025 Stable
0501|0106 |01 |01 |02|025 |01 ]015 |0.1 |0.1 |0.0826 0.1326 | 0.01095276 Stable
05|02 |02 |06 |01 01|02 |025 |01 015 |0.2 |0.2 |0.1637 0.2191 | 0.03586667 Stable
05|03 |03 |06 |01 0102|025 |01 ]015 |03 |03 |0.2474 0.3358 | 0.08307692 Stable
05|04 |04 |06 |01 |01 |02 |025 |01 ]015 |04 |04 |0.3340 0.4875 | 0.16282500 Stable

5.2 Discussion of Results

Clearly from the Table 1 above, we obtained the same
remarks for F(0)G'(0)>0 the value for Jis

greater than zero throughout, implying that the
onchocerciasis disease is locally stable as far as
J > 0. Therefore, the disease will dies out over the

targeted period of time. From the Table 1 above we

5.3 Conclusions

The study presents four compartmental deterministic
models. The existence and stability on effects of
ivermectin drugs for control and spread of
onchocerciasis disease in Nigeria were analyzed. The
model systems were found to be continuous and
bounded. The equilibrium states for the disease free
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obtained the most effective parameters that would
lead to total eradication of the disease at ¢ = 0.0

,0=0.0, /=00y =06, o= 01, 6, =01, &, =
0.1, ¥ = 025, 7, =0.1, 7, =0.15, 5, =0.0, &, =

0.0. On computation we obtained the value for J as
0.00025025. Hence, the conditions proposed in the
theorem (3) hold.

and endemic equilibrium states were examined. We
analyzed the stability of the endemic equilibrium
state using Bellman and cooke’stheorem and its
found to be Locally Asymptotically Stable (LAS),
whenever J >0 and otherwise, wheneverJ <0.
Therefore, the treatment of Onchocerciasis disease
with ivermectin drugs is an effective treatment
strategy that can potentially lead to eradication of the
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disease by the year 2020 in Nigeria. Similarly, the
following measures and control strategies would be
helpful: identification of infected communities
followed by treatment with ivermectin drugs;
interruption of transmission by the destruction of
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