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ABSTRACT
In this research study, a new population mean estimator for two auxiliary variables in stratified random sampling,
based on power transformation and exponential techniques, was proposed, following the approach developed by Tailor
etal. in 2015. We derived the bias and mean square error (MSE) of this proposed estimator up to the second order of
approximation. The conditions in which this newly proposed estimator outperforms the existing ones were obtained.
Empirical findings from the study confirm the superior efficiency of the proposed estimator compared to the existing

ones.
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1.0 INTRODUCTION

Estimating population parameters like mean,
variance, and ratios is common in fields like
agriculture, economics, medicine, and population
studies. Researchers have used additional
information to enhance estimators regardless of
sampling methods. Audu et al., (2017), Muili et al.,
(2019), Olayiwola et al., (2021), Abiodun et al.,
(2021) and others used known auxiliary variable
parameters for simple random sampling. For two
auxiliary variables. Recent work, including Zaman
(2020) focused on exponential estimators. Audu et
al.,, (2023) and others generalized existing
estimators and introduced exponential-type
estimators. Kadilar and Cingi (2003) used the
coefficient of variation and kurtosis for a ratio-type
estimator. Singh et al. (2013) suggested power
transformation estimators. Tailor et al. (2013)
discussed  dual-to-ratio and  product-type
exponential estimators. Tailor et al. (2015) defined
improved ratio estimators under stratified random
Now we define;

<

sampling, outperforming traditional methods,
particularly in simple random sampling with
certain limitations.

1.1 Procedure, Notations, and Definitions

Consider a finite population U =U,,U,,U,,..U
of size N divided into L strata of size
N, (h=12...,L). Within each stratum, we have
three variables: the study variable y, and two
auxiliary variables x and z taking values Y;, X,

and z,; (h=i,2...,L;i=1,2...N;) respectively, on

the Ith unit of the hth stratum. x is positively
correlated with y, while z is negatively correlated

with y. we drew a sample of size n, from each

L
stratum, forming a total sample of size n = Z n, .
h=1

1 Nn . Jeth H
h= N_Zi:l Y, : K" Stratum mean for the study variable Y.
h

_ 1 Ny
Xh = N Z Xy, © ki Stratum mean for the study variable X.
h i=l
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N

—_— L —_—

Z= ZW Z,, : Population mean of the study variable Z.
h=

- 1o :

Vi = —Zh Y, - Sample mean for the study variable Y for k™ stratum.
n, <

- 1o :

X, == X, : Sample mean for the study variable X for k™ stratum.
n, <"

- 1o ,
Z, = —Z_ z,, : Sample mean for the study variable Z for k™ stratum.

W, = % is the weight of hth stratum.

Where
ySt , Xst and Zst are means of sample taken from hth stratum for variates y, x and z respectively.

yst = thyh : Unbiased estimator of the population mean Y
h=1

L _ _

Xst = Zthh : Unbiased estimator of the population mean X
h=1
_ L _
Zst = ZWh Zn : Unbiased estimator of the population mean Z
h=1
The variance of unbiased estimator y_, xs and zs are;
_ L
Var(yy) = Z\thl//hsih 1)
h=1
_ L
Var(Xs) = Zthl//thh (2)
h=1
_ L
Var(z«) = zwh27hsz2h 3)
h=1
Kadilar and Cingi (2003) defined Ysiaw, Ysh, Yupsiz @nd Yupsiz in stratified random sampling respectively as
< | W (X,+Cy)
ysidw = yst k _ (4)
Wi (X, +Cy)
k —
W ( X, + X
Vi = Vi | = (X () (5)

E:lWh (Kh +,B2h (X))
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k —
W (X.C

k —
W (Xthh + Lon (X))
To the first degree of approximation mean square errors of Ysiaw, Ysh, Yupsiv and Yupsic respectively are;

L
MSE(ysSitdw) = ZW 2h‘//h (Szyh + Rszidwsfh - 2Rsideyxh) (8)
h=1
L
MSE(yg) = ZW W (th +RZ. S5 — 2Rsialsyxh) 9)
h=1
L
MSE(yS:)sh) = ;W 2hl//h (th + Ruzpsilﬂzzh (X) Sx2h - 2RupsilﬁZh (X) Syxh) (10)
L
MSE(yj;sh) = hZ:W 2hl//h (th + Ruzpsiz thsfh - 2|:Qupsizcxhsyxh) (11)
=1
Y Y Y
Where, Rsidw 7L _ 1Rsh L _ vRupsi1 =7 _
th(Xthth) th(Xh+IBZh(X)) th(XhﬂZh(X)+th)
h=1 h=1 h=1
Y
upsi, =L _
th (Xthh + ﬂzh (X))
h=1

Tailor et al. (2011) suggested a generalized ratio-cum-product estimator for population mean in stratified
random sampling.

L _ L _
L Z\Nh (X hCon + Bon (x)) ZWh (X hCu + Loy (X))
Ys =Yg | & hfl — +(1-a) hfl _
Z\Nh(x hCon + Bon (X)) th(x hCon + Bon (X))
h=1 h=1
(12)
. 1 &
Bias ( Yiaitor ) =Y Zthl//thh [aRupsi2 thSx2h + (1_ 2&) Syxh :' (13)
upsi, h=1
‘ 2
K (thzyhcxhsyth
MSE ( Yiator ) = Z\thl//hsjh - h:i (14)
! ZWhZV hcfhsxzh
h=1

Hansen et al. (1946) presented combined ratio and product estimators for estimating the population mean
Y in stratified random sampling are expressed as

yRC = yst [—Lj (15)

Xst
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Voe = Vs [ Z“j (16)

z
Bias and mean squared error of y,.and y,. are
- 1 &
B(Yec) = ?thzl//h (RS} - Syn) (17)
h=1
- 1y,
B(Yec) = =2Wh ‘//hSyzh (18)
2=
_ L
MSE(yRC) = ZWhZV/h (th + R1zsfh - 2Rlsyxh) (19)
h=1
_ L
MSE (Y ) :ZWhZWh (th +R;S;, +2R,S,,) (20)
h=1
R-l gp-Y
Where X and Z

Singh et al. (2008) defined g, and t,, in stratified random sampling as;

L - —
- W, (Xn =X
(=7, exp| et b (X0 X0 (21)
D W, (X +Xn)
L -
- W, (zn -2
=, exp| Zpa b2 2) (22
D Wi(zn+2Zh)
To the first degree of approximation biases and mean squared errors of t*,andt®,_ are;
1< 1
B(t;te) = =ZWh2‘//h (g R1th -5 Syxhj (23)
X3 8 2
L
B(t;te) = iZ‘,th‘//h (_1 RZSzzh + 1 Syzhj (24)
Zwva 8 2
Sy _N 1
MSE(the) = hz_;,WhZV/h (th + Z Rlsfh - RlSyxhj (25)
L 1
MSE(E) =W, [s;h IO styzhj (26)

Tailor et al. (2012) introduced a ratio-cum-product estimator for the population mean Y in stratified random
sampling.

L — L
2 o [ X)Z _ W, X W, Z,
Yo =Y, [_—}[Tt}ZtWth Z“L -~ ZB — 27)
Xst Z thhXh ZhWhZh

K
MSE (Vs ) = D W/w, (S5, + RIS, +RiS —2R S, +2R,S
h=1

yzh

-2RR,S,,) (28)
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Tailor et al. (2015) proposed a ratio-cum-product estimator for the population mean Y in stratified random
sampling, utilizing  kurtosis  information  from  auxiliary variables x and z as;

Va=3,W, h[z W (X0 + o (X )][Z W, (2, + fon (X ))J (29)
2 Wa (% Bon (%)) \ 20, W (Z, + B (%)
MSE (7;:31) = ZWhZWh (Sih + R1228x2h + R1238z2h - 2Rlzsyxh + 2R138yzh o 2R12R13szh) (30)

2.0 PROPOSED ESTIMATOR
Having studied the Tailor et. al (2015), the following estimator is proposed,

o, 6,
> W, (K, + ) S W, (7, + B

Yare = Y | EXP h=|_l exXp _1 ~ (31)
hZ:;Wh (ih + IBZh(x)) hZ:;Wh (Zh + ﬂzh(z))

Where the constants ¢, and &, can be set to values (0,1,-1) to design various estimators; which may be
either real numbers or functions of the known parameters, £,,(X) and £,,(z) represent coefficients of
kurtosis of auxiliary variates x and z in h™ stratum respectively.

2.1 Properties (Biases and MSES) of Proposed Estimator

In this section, the bias and MSE for the estimator is derived and discussed. To derive the properties of the
estimator, the following error terms are defined:

Yo=Y (1+&,), %, =X(1+sg,)and Z, =Z(1+¢,)
E(gxh):E( 2 )=E(£,)=0,
1
E(e, )_ = ZW ¥,S%, E(e%,)= ZZW w,S7 and E(&?,,) = ?Zwﬁwhs;
¥, S S

x y ¥, S
E(gyhgxh) h:DyxhC C h—xih E(gxhgzh) hpxzthhCzh )th—hh E( yhgzh) hpyzhC C ﬁ

Express (31) in terms of error terms, we have;

Yoare = ZWhY_h @+ gyh){expt ZWh ()zh + Bon (X)) )J} 1 {exp[zwh (Z_h (1+ En ) + Bon (Z))J} )

yzh

zwh (Xh (1+ Exn ) + Bon (X) Z\Nh (Z_h + Bon (Z))
(32)
Voo =Y + Y&, | XD ZV\E(Xh +ﬁ2h(x))_ exp 2 (2, + fn @) + 22 (33)
Z\Nh (xh + Bon (X))"‘ Xé&y, Z\Nh (Zh + Bon (Z))
- 1 I Z¢s .
Ve =Y +Y &, | xp — exp bz 34
L X [ > W, (Z, +/32h(z))]] o
ZW (X +ﬁ2h(x))

Let
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YW X, Y W,Z,

and @, = =
ZW (X + Bon (X )) 2 ZWh (Zh + P (Z))
(34) becomes;
T 4 0
Vo =Y +Ye, [exp (-, +afe, )J [exp(1+ae,)] (35)
o [
Vare = (Y_ +Y &, )|: g a,&,, +alEs ] [1+ g OLE,, + ;__1; aiss, } (36)
4 17 + 86, 4 16 860, -3
Yiep = (Y +Y &y ){1_50‘1915”1 + (2—51j 00,6y, + gazezgzh - 2_5a1a201025xhgzh + [22—5j azzezgzzh}
37)
17 + 86 860, -3
Exn ﬂ051‘91<c"xh + ﬂ0‘26’2‘9zh + [#) ol 65, + ( : jazzezgzzh
_ - - 5 5 25 25
Yare =Y +Y
16 4 4
2412 0192 En€am — g alelgyh En t+ g o, 92 gyh Em
(38)

Subtract Y from both sides of (38) and take the expectation to obtain the bias of VARP

17+840 1¢ 86, -3 1 16
( 5 1]“1291?;Wh2‘//h8x2h+(?ja2292 f;wflyhszzh 250‘10‘2992 o= ZWh YiPanSinSan

Blas(Tue)=Y] "y ] o ) R R
_gaﬂl W;Wh Whpxyhsxhsyh "’gazez ﬁ;wh Whpyzhsyhszh

(39)
Subtract Y from both sides of (38), Squaring, then take expectation to obtain the MSE of y,., is obtained
as:

2
_ — 4 4
MSE (Ve ) = E[Y (gyh —gaﬂlgxh + gazezgzhﬂ (40)
72 72
MSE (Ve ) ZWZ S 16 Y — ol ZWZ S2 ;g; 20 ZWZ . S2
8Y 8y 32YY
_g?aﬂlzwhz'//hpxyhsxhsyh +gf0‘202 Z\thl//hpyzhsyhszh _Eﬁalazgﬂz Zthl//hpxththzh
h=1 h=1 h=1
(41)
Y Y L 2 _
LetR, ==andR, == A:ZW thyh:V(ySt)
X Z ="
L2 L2 2
,B= ZW VS C= ZW ViSan, D= ZW ‘//hpxyhs WS
h= h h=l h=1

2 L2

L
E :ZW V/hpyzhsyhszh and F :ZW V/hpxzhsxhszh
h=l h h=1

h
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p =i Do = Syt
xyh thsyh’ yzh

and pxzh = a
Sthzh thSzh
= 16 16 8 8 32
MSE ( Y arp ) = A+£ R12a12012B + g Rzzazzﬁzzc —g Rlalé?lD + g R2a292E —E Rlealazé’ﬂzF
(42)
2.1.1 Minimum MSEs of y,.,

The minimum MSE of at optimum values of ¥,s» and, is given by 6, and 6,

To obtain the minimum MSE, V,.. is partially differentiated with respect to ¢, and 6, respectively and

equate to zero as:
OMSE (Vpep) _ OMSE (Vg )

=0 43
06, 06, 43)
5
Z D+ R2a292 F
o="*——— (44)
Ra,B
5
Ra0F -~ E
0,=— 4 (45)
R,a,C
Substitute (45) in ((44), we have
5( DC - EF)
Topt — 2 (46)
4R, (BC-F?)
Put (44) into (45), we have
5((DF -BE
((oF —58) “

“" " 4R,a,(BC-F?)
Substitute (46) and (47) in (42), the minimum MSE of y,.. is obtained as

v ) _A+drgy (DC-EF) 4  (DF-BE)_  (DC-EF)
MSE (Ve Jowr = A+ R "(BC-F?) 5 "7 (BC-F?) (BC-F?) (48)
+2M _2(DC—EF)(DF—BE)F
(BC-F?) (BC-F?)

3.0 THEORETICAL EFFICIENCY COMPARISON
The following section outlines the conditions in which the newly proposed estimator outperforms both the
modified estimators from Tailor et al., (2015) and the traditional estimators:

3.1 Usual Unbiased Estimator
Recall

L2
V(Vy)= ZW l/jhsjh =A
=l n

MSE (Vagp )., < MSE(Y,) Ifandonly if:
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4 (DC—EF) _ 4 (DF —BE) . _(DC—EF)
5R1a1(BC—F2) B+ g R (BC—FZ)C 2(|3<:—|:2) (49)
L 2(DF—BE)_ ,(DC—EF)(DF —BE) _ _,
(BC—F?) (BC —F2)
ST

3.2 Combined ratio estimatorYRC
MSE (Y zp ) — MSE (Vpe ) <0 I,

4 (DC — EF) 4 (DF-BE) . (DC—-EF)
DF — BE DC — EF )(DF — BE 2
+2((Bc:_lzz)) = (Bc:i(lzz)2 )F_(A_RLB+2R1D)<O

ST
3.2 Combined Product Estimator 'PC¢
MSE (Ve ) — MSE (Ve ) <0 If,

(DC —EF) D (51)

4 (DC — EF) a4 (DF —BE)
s > - (BC—F7)

(BC —F?) 5 (BC—F?) Rz]RZC—Z

(DF —BE) _ ), _,(PC—EF)(DF —BE)_ _
(Bc—F7) (BC—F7)

ST
3.3 Kadilar and Cingi (2003) Ratio Type Estimator Yeee If,

(g Roe, (DS —EF) RfSE]B%RZaZ (DF - BE) _[M RlSEJZD

(BC —F?) (BC —F?) (BC —F2)
(DF—Bf)E_Z(DC—EF)(DFZ—BE)F<O
(BC—-F?) (BC —F?)
(52)
7 ST
3.4 Kadilar and Cingi (2003) Product Type Estimator of Veep
MSE (Y pep ) — MSE (Veep ) <0 I,
4 (DC — EF) [4 (DF —BE) _, J (DC — EF)
—“Ra,~— 2B+ |-Ra,—— R, |C—2— —~
5 (BC—F?) 5 (BC—F?) (BC -F?) (53)

(DF — BE) (DC - EF)(DF — BE)
+|~— 2R, |2ZE-2 . F<O
(BC—-F?) (BC —F?)
YLST
3.5 Tailor et al. (2012) Estimator RP
MSE (Ypre ) — MSE (Ve ) <0 If,
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(ia (DC—EF)_RlJRiB_'_[ia (DF —BE)_RZJRZC_[(DC—EF)_Rl]ZD

5 ' (BC-F?) 5 % (BC-F?) (BC—F?)

+[(DF — BE)

oo _RZJZE_[(DC—EF)(DF —BE)_R1R2]2F o

(BC —F2?)°

(54)
3.6 Tailor et al. (2015) Estimator Y_RS;,Tl
MSE (¥ age ) — MSE (Vge, ) <0

4 (DC-EF) 4 (DF —BE)

+[%_ RZSEJZE _[(DC E;gi(:;:)Z_ BE) - RlSERZSEJzF <0

J [(DC—EF) J
RZSERZ C - —_R15E 2D

(BC-F?)

(56)

Equations (49)-(56) provide conditions where the proposed estimator outperforms the unbiased estimator,

. A YAST ) ) YA ST _ _ YAST
combined ratio estimator RC | Tailor et al., (2012) estimator R" , and Tailor et al., (2015) estimator "RFL.
4.0 EMPIRICAL STUDY
Population | [Source: Murthy (1967)]
Y: Output, X: Fixed capital, Z: Number of workers.
Population 1 [Source: National Horticulture Board]
N=10, n=5
Population 2 [Source: National Horticulture Board (2010), page 208] on All India area, Production and
productivity of Cashew-nut.

n=2n,=2 N, =5N, =5 S, =-411.16 S,,, =—1536.24
X, =214.40 Y, =1925.80 Z, =51.80 ., =39360.68
X, =333.80 Y, =3115.60 Z, =60.60 S, = 22356.50
S, =74.87 S,, =615.92 S, =075 S, =-38.08
S,, =66.35 S,, =340.38 S, =484 S, =-287.92

Y: Productivity (MT/ Hectare), X: Production in ‘000 Tons, Z: Area in ‘000 Hectare
N=10, N1=6, N2=4, n=4, n1=2, n2=2

Table 1: MSEs and PREs of Proposed and Existing Estimators using Pop. |

Estimators MSE PRE
iV 37141.2 100
Yt
ST 119383.7 31.11077
YRC
ST 25382.91 146.3236
YPC
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Gor 118232.4 31.41373
SER

Gor 25347.69 146.527
SEP

o 419150.3 8.86088
RP

Gor 184201.6 20.16334
RP1

v 8573.731 433.1977

yARP

From Table 1, the proposed estimator outperforms the conventional unbiased estimator, the combined ratio
and product estimators, Kadilar and Cingi's (2003) estimator, Tailor et al., (2012) estimator, and Tailor et
al., (2015) estimator in the terms of lower mean squared error and higher relative efficiency.

Table 2: MSEs and PREs of Proposed and Existing Estimators using Pop. 11

Estimators MSE PRE

Vi 0.114516 100

Ysr

?sn 0.1156092 99.05444
RC

YAST 0.216607 52.8681
PC

?sn 0.1156821 98.99195
SER

?sn 0.2186503 52.37403
SEP

YAST 0.2249535 50.90653
RP

?sn 0.2197911 52.10221
RP1

Vi 0.1140415 100.4161

Yare

Table 2 unequivocally demonstrates that the proposed estimator is superior to all other estimators, with
lower MSE and higher relative efficiency (PRE). Therefore, it outperforms the conventional unbiased
estimator, combined ratio and product estimators, Kadilar and Cingi (2003) estimator, as well as Tailor et
al., (2012) and Tailor et al., (2015) estimators in terms of its estimation accuracy and efficiency.

5.0 CONCLUSION

This paper has proposed a generalized family of
exponential-type estimators that combine ratio and
product, employing power transformation to
estimate the population mean of the study variable.
This estimator makes use of information about the
population mean and the coefficient of kurtosis for
two auxiliary variables, x and z, in the stratified
random sampling. The paper extensively derived
the properties of this newly proposed estimator and

109

compared them to other relevant estimators. The
findings, as presented in the tables, clearly
demonstrate  that the proposed estimator
outperforms  the  other estimators  under
consideration in terms of efficiency. As a result, it
can be concluded that when information regarding
the coefficient of kurtosis of the auxiliary variables
is available for each stratum, the proposed
estimator performs exceptionally well and proves
to be more efficient than the alternatives.
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