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ABSTRACT
In this paper, we have considered an interest rate model that is driven by Stochastic Differential Equation (SDE)
(stochastic interest rate). We employed Euler — Maruyama maximum likelihood method to solve for the unknown
parameters analytically. Finally, we estimated the unknown parameters of the SDE from a sample of observations
of the stochastic process at known uniformly distributed times using data obtained from Central Bank of Nigeria
(CBN) statistical bulletin.
Keywords: Interest rate; maximum likelihood; parameter estimation; likelihood function; financial quantities
are some of the parameter estimation methods
1.0 INTRODUCTION developed for parameter estimation of SDEs:
In Financial Mathematics, financial maximum likelihood estimation (MLE) (Zhengin,
guantities/indicators have been widely modelled 2014; Fatma and Fathi, 2014; Jungbacker et al.,
using stochastic differential equations (SDESs). 2011), the methods of moments (Selcuk and
Some of such financial quantities/indicators are: | Gazanfer, 2014; Otunuga, 2017: Milner et al.,
interest rates, exchange rate, inflation, asset prices | 2013) and filtering (Tommaso and Alessandra,
as well as their derivatives. The parameters of the | 2012; lonides et al., 2011). Most of the methods
equations are unknown in real applications. | developed are for modeling financial quantitative
Therefore, need to be estimated. For financial | where the financial system displays long time
models, it is quite a challenge to estimate the horizons characteristics and often can be sampled
model parameters directly from the financial data. at regular but relatively infrequent intervals
Therefore, the estimation of parameters in | (Yanli, 2014).
financial models has become an important
research topic and have received more attentionin | The process of fitting the model to the market data
the last decade (De - Rossi, 2010; Tian and Ge, is generally referred to as parameter estimation.
2012; Platen and Bruti — Liberati, 2010). Itisalso | Yanli (2014) focuses on parameter calibration for
important to note that estimating the unknown | stochastic models. In this work, he proposed an
parameters in nonlinear SDEs driven by Wiener | effective algorithm for estimating the parameters
processes, when only discrete observation is | in SDE models, which is based on the
available is difficult and remains a challenge implementation of the Bayesian inference and the
(Timer, 2000). This is the case because, there | Markov — chain Monte — Carlos (MCMC)
exist an unlimited number of solutions for a | method. The author also examined the influence
stochastic differential equation theoreticallyand it | of different samples of the latent variables on the
is computationally demanding in obtaining the | variation of the estimates and suggested that the
numerical solutions of SDEs arising from real method used is robust for such variation. He

world application. In Particular, when closed — | further provided an algorithm for parameter
form solutions for a stochastic differential estimation for stiff SDE models. The approach is
equation do not exist. based on the usage of an implicit numerical

scheme in the Monte — Carlo simulation

For the past three decades, there has been integrated with particle swarm optimization.
increasing demand for tools and methods for Experimental results showed that when the SDE
estimating the parameters of stochastic | model is stiff, estimates produced by the semi —
differential equation in various disciplines i.e. implicit Milstein method have better accuracy
Engineering, Physics, Biology, Finance etc. Here
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than those obtained by the explicit Milstein
method.

On discrete time stochastic models, a Generalized
Method of Moments (GMM) (Luck and Wolf,
2016; Otunuga et al., 2017) are developed. This
method can be used to compute moment
conditions from a discrete time SDE models. The
GMM main advantage is that it only requires
some moment conditions rather than the full
density but since this method does not make use
of all information in the sample, it may lead to a
loss of efficiency.

Furthermore, maximum likelihood method for
direct estimation of parameters of SDEs was
proposed based on the Extended Kalman Filter
(EKF) and Prediction Error Decomposition
(PED) method by (Jiang et al., 2014; Jiang et al.,
2017; Wang et al., 2017). The EKF provides state
estimates and the recursive residuals, while the
PED is used in to calculate estimates of the
parameters using Gaussian likelihood function.
The computation of the maximum likelihood
estimator can be achieved by maximizing the
likelihood function associated with a series of
observations provided the invariant density and
transition density are known explicitly (Barczy
and Pap, 2016). However, the transition densities
for many realistic and practical useful models, are
not available in explicit form. Therefore,
complicating the computation of the exact
maximum likelihood estimator. But the Euler —
Maruyama method can provide tools for
approximating the density function.

Modelling financial data that appear as time series
using stochastic differential equations, may
necessitate the need to estimate the parameters of
the equations (may require the estimation of the
parameters of the equations). In Econometrics, by
maximizing the likelihood function of the sample
we can obtain the estimates of optimal parameters
(Vaughan, 2014). Therefore, approximate
maximum likelihood method provided by Euler
Maruyama method provides a very useful tools
for this purpose. In other to make the Euler —
Maruyama method fairly accurate, the time
intervals between all the pairs of consecutive data
are split into smaller partition. In this study, we
will apply the Euler — Maruyama method to
approximate the transition densities of the model
equation (interest rate) then estimate the
parameters of the interest rate model using data
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obtained from CBN statistical bulletin to verify
our results.

2.0 THE INTEREST MODEL

The dynamics of the interest rate r(t), is given by
the stochastic differential equation described by:
dr(t) = (a - br(t))dt

k17 (t) + ko dW,(£)dW;(£) ey
r(0) =1,
where a, b, k; and k,are constants.
3.0 DISCRETE TIME MAXIMUM

LIKELIHOOD ESTIMATION

An obvious approach to estimating the unknown
parameter  is to replace the continuous time SDE
defined in equation (1) by its discrete time
approximation. A formal statement of the
parameter estimation problem to be addressed is
as follows:

dX = u(X;0) + o(X;0)dw (2)
The task here is to estimate the parameter 0 of the
SDE from a sample of (N + 1) observations
Xy, ..., Xy oOf the stochastic process at known
uniformly distributed times tg,...,ty. From
equation (2), dW is the differential of the Wiener
process, u(X; @) is the instantaneous drift and
a2 (X; 0) is the instantaneous diffusion.

Among many possible discretization schemes, we
chose the Euler — Maruyama discretization
scheme. The transition PDF can be approximated
by the Gaussian distribution, that is

Xty [ Xe~N(Xe, + 1(Xe;; 0)8,0%(Xe,5 0)1)

Hence, the likelihood function is defined as the
product of the probability density functions of
each observation of the random variable.

Therefore,
n
L@ = | [pexe %, ;0
i=1
. 1
= exp[—Z]
i=1 \/Znaz(Xti_l;G)A
n
[l =— 21 @
= exp[—
=1\ V2T az(th,_l;B)A

— (Xti - (Xti_l + :u(Xti_l; G)A))Z
202(X;,_;0)A
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where

p(Xe,|Xe, 5 0) = p(Xe,, til Xt ti-1:0)

is the value of the transitional Probability Density
Function (PDF) at (X, t;) for a process starting
at (X;_,,ti-1) and evolving to (X;,t;) in
accordance with equation (2)

For easy computation, we solve for the natural
logarithm function denoted by [(#]X) and
optimizing 1(@|X) is equivalent to optimizing
L(68|X). Therefore, the log — likelihood function
can be obtained by the taking the natural
logarithm of both sides of (3). i.e.,

1(6]X) =logL(0|X)

n
- —log(27r)

——Zlog(az(Xt _;8)At)
(%o — (e, + (X ¢9)A1:))2
ZZ

o?(X;,_; 0)At )
The unknown parameter @ which in this sense a
vector can now be solved analytically (if possible)
or numerically by setting equation (4) equal to
zero. At =t; —t;_, is the time step for the
process.

4.0 RESULTS AND DISCUSSION
4.1 Estimation of the Interest Rate Model
Parameters by Euler — Maruyama Maximum
Likelihood Method
Here we consider the SDE given in equation (1)
below.
dr(t) = (a— br(t))dt

k() + ko dWe(8) T(to) =70 (5)
Let k, = 0, then from equation (5) we have
dr(t) = (a - br(t))dt

+V ki () dW,(8),
Leto, = \/k_l

Then, from equation (6) the Euler — Maruyama
discretization of the interest rate model is given

by:

(6)

r(ty) =19

rti = rti—l + (a - thi_l)At
+op 1 AW, T(ty) =19 (7)
Here, ,u(rt o 0) (a brti_l),
Z(rtl 1,0) ofry, . 0 = (a,b,0p) and

oy = Jha.

Therefore, from equation (4) we have that
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1(8|1X) = ——log(Zn) — —Z log(a Ty, 1At)

1 - (rti - (rti—1 + (a - brti—1)At))
—3 3
i=1
Observe that in the case of equation (8), we can
find analytical expression for the unknown
parameters that maximize the likelihood function.
Hence,

adIxX) 1 1

2
oy, At

da 6_13 i=1 Ttiq (rti Tti-a
_(a - brti 1)At)
ale|x)
ob _WZ(TQ Ttis
—(a — brtl 1)At)
o0l1(01X) _n 1 N
doy, a,?At
n 1 ,
Z I (Tti Ty, T (a - brti—l)At)
i=1 Ttig
Therefore,
[01(0; 1)1
da
ole;r)
U©:X) =|—5; ©®
ale;r)
60,7

Next, we set the components of equation (9) to
zero. i.e.

RASEIR
G’? i=1 Ttl'—1 rtl rtl !
—(a—br,_ )At) = (10)
n

1
G_%;(rti - rtl—l

—(a—br,_)At) =0 (11)
_n, 1 Zn: ! (ry, -

oy At =Tt T e

—(a—br,_)at) =0 (12)

From equation (10), we have

— 7, — (@ —bry_)At) =0
=1

h ch is same as

n n

D

—+nbAt =0
i=1 tim1

1Ttl 1



1JSGS FUGUSAU VOL. 8 (1), MARCH 2022

WEBSITE: https://fugus-ijsgs.com.ng

There_fore, ais es_timated as
T+. ~
i=17 Y4 nbAt —n
ti—1 1 (13)
Aty

¢
Substituting for @ in equation (11) gives

[
Il

-1

n
1
T g2 Ty = Ty y
=1
T,
i+ nbAt—n
_ Ttiq
1
At Y
i=1 rti_l
—bry,_, At | =0
or
n
S-S
i=1 i:1T'
t.
L ——+4n?bAt — n?
T
_ ti—g
a1
i=1
Tty

n
+AthTti_1 =0
i=1

simplifying the above equation gives
n n n

n
PR 1
L
Ty -1 Ty.
i=1 i=1 -1 = =1 ti-1
n n n 1
Y Ty, L
=1 ti-1 i=1 =1 Cti-1
—n?bAt =0
or
n n
) 1
bAt| n —Zrt. 2—
-1 rt’
n ni=1 i=1 Hn
1 T
=) ) ko)
i=1 =1 b1 i=1 ti-1
n n
D)
1.
i=1Y =1 ti-1
bh=— (14)
Qn n n
1 Ty
V=) o nton ) o
i=1  i=1 U1 =1 ti-1
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Tty
n i
—(a - bry, 1)At) =0
so that
n
nopAt = — (e, = 7e,,

i=1 fim1

_(a - brti—1)At)2

T nAt
n
R = _(rtl rtl 1 (a brtl 1)At)
i=1 Ttig
so that
s= | R 15
= |hA (15)
oy =k
Therefore,
kl = 0-1?
k, = R 16
1= (16)

From equation (16), we have that

(rti Ty, T (d - Brti-1)At)2

=12 + 12+ b?ri_ (At)? + 2bry 1y, At
+2ar,,_ At + a*(At)? — 2brZ_ At
—21y,1y,_, — 2ar, At — 2abr,,_ (At)?

Therefore,

1

(Tt-. - T't . -
L -1
Tty

(a—br,_,)At)"

2
T, -~ ~
= b r, + b2y, (AD)? + 2br, At

Tti s

~ az(an)? .
+2aAt + — 2bry, At — 21,
ti-1
24ary At ~
- L —2ab(At)?
ti—1
Hence,
S
~ 2
> =, =1, — (@ bri,_,)A0)
£ Tti_l 1A L 1A
i=1
n 1"2 n n
- z Ly Z Te, + b2(At)? Z T,
- Ttl’_l o o
i=1 i=1 =1
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i=1 n i=1 n
1 ~
+82(00? Y — —2B8t Y 7y,
i=1 ti-1 i=1
n n
-2 2 1y, — 240t ) ——
i=1 i=1 Ttia
n
- Z 2ab(At)?
i=1
and
n th. n
o, = sqrt (Z r—L + Z T,
T S B
n
+B2@07 )
i=1
n
+25Atz 1, + n2aAt
i=1
n
- 5 1 PN
+a°(At) — —2bAt ) 1y,
=1 ti-1 i=1
n n
T,
_erti - ZaAtz -
i=1 = Tt
n
—Z zaB(At)2> /nAt) %)
i=1
Let
n n n rz
t
P01—Zrt'Poz=2Tti_1'Po3=z )
i=1 i=1 =1 li-1
- 1 =7,
t.
Pos = Z » Pos = Z :
= Tt =t

Then

. Pos+ nbAt —n (18)

= AtP,,

B=P01PO4+n2—nP05—P02P04 (19)

At(n? — Py;Py4)

6'; = Sqrt(P03 + POZ + Bz(At)ZPOZ
+2bAtPy; + 2naAt + a*(At)?Py,
—2bAtPy, — 2Py, — 2aAtPys
—2nab(At)?)/nAt) (20)

From equations (18) to (20), we have that
a,bandg, are the approximated parameters
using the method of maximum likelihood
estimation. The Maximum likelihood estimation
method is then applied to the annual series of
interest rates obtained from Central Bank of
Nigeria (CBN) statistical bulletin. The numerical
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results or the estimated parameter values can be
found as given in Table 1.

Table 1: Estimated Parameters Value

Parameters a b oy
Estimated 0.3754 2.5148 0.3535
Parameter

Values

5.0 CONCLUSION

In financial mathematics, Stochastic Differential
Equations (SDEs) have been widely used to
model financial quantities/indicators such as in
interest rates, exchange rate, inflation, asset prices
as well as their derivatives. In real world
applications, the parameters of the equations are
unknown and need to be estimated. Therefore, the
estimation of parameters in financial models is of
great importance. We have considered a
stochastic interest rate model and discrete
maximum likelihood method was employed to
obtained unknown parameters analytically, using
data obtained from Central Bank of Nigeria
(CBN) statistical bulletin.
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