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ABSTRACT
This research work used mathematical modeling in understanding the dynamics of covid-19 disease. We modified the
work of Chen et al. (2020) by incorporating vaccination and pets (spread agents) compartments, making the model a
ten (10) compartmental model, and also augmenting four controls to it namely: vaccination, use of face mask and
physical distancing, sanitation, and treatment. We developed from the model, a system of non-linear Ordinary
Differential Equations from which the positivity of solution was proven. We established the equilibrium states,

determined the reproduction number ROwhich was utilizedto predict the disease's transmission

dynamics, hence establishing the conditions for local and global stability of the disease free- equilibrium using Routh-
Hurwitz criterion and the Castillo-Chavez technique, respectively. The outcome of the investigation of the stability of
the disease-free equilibrium state that covid-19 disease transmission can be significantly degraded and eliminated if

the secondary infection’s rate R is maintained at a value less than unity. We also used Pontryagin's Maximum

Principle to establish the optimality system. The optimality system was numerically solved in Matlab to establish the
best strategy in controlling the transmission of covid-19 disease in the population. The graphical solutions revealed
that the most effective strategy is the combination of vaccination, use of face mask and physical distancing, sanitation,
and treatment of infected individuals in the population.

Keywords: Mathematical Modeling, Covid-19, Transmission, Strategies, Optimal Control

1.0 INTRODUCTION were 525,467,084 confirmed cases of covid-19
Covid-19 is a viral disease that is caused by a severe | disease (WHO, 2022). To mitigate the prevalence
acute respiratory syndrome (SARS-COV-2) | of the Covid-19 disease among the populace,
(WHO, 2021). It is part of a large family of | governments around the world took drastic
coronaviruses —a zoonotic virus that transmits from | measures through the wuse of some Non-
animals to humans. The disease first emerged in Pharmaceutical Interventions (NPIs) such as
December of 2019 in Huanan sea food market of lockdown, physical distancing, use of face masks,
Wuhan city in Hubei province in China. The | asthe firstline of action and desperately so the only
disease is spread through droplets produced when | then — for there is no definite cure to it. These
an infected individual coughs, sneezes, exhales, or | measures took a wreaking havoc on the socio-
touch surfaces. Infected individuals show | economic life of the people as movements and
symptoms as difficulty breathing, coughing, fever, | gatherings were restricted for considerable amount
loss of taste and smell, fatigue, nausea, severe | of time enough to create instability and economic
headache, etc. (WHO, 2021). Due to its human to shocks.

human transmission, the disease quickly spreads
(exponentially) throughout the world affecting | With the Covid-19 becoming widespread, lots of
millions of people and became a pandemic as | efforts have been put forth around the world to
declared by the WHO on March 11, 2020 (WHO, comprehend and  predictthe  dynamics of
2020). As at 5:52 pm CEST, 27 May 2022, there | the disease transmission for control purposes, with
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researchers developing mathematical models that
mimics the behavior of the disease. Transmission
from the infection source (likely bats) to humans,
and then human to human were modeled by Chen
Yusuf, Kumam, and Yusuf (2021) and many more.
Also, given the behavior of the disease and
measures employed to curb its spread, models were
developed by Zeb, Alzharani, and Zaman (2020);
Sasmita (2020) etc. for effective planning and
deployment of best strategies to curtailing the
spread.

Discoveries of vaccines as announced by the WHO
and that some pets were found to carry the virus that
causes covid-19 (CDC, 2021) motivated us to
develop a model that captures these developments.
In this paper, we developed a ten (10)
compartmental model comprising of three (3)
different populations; the human population, the
pets (cats) population, and the population of
pathogens in the environment. Also, we augmented
four controls in the model namely vaccination

(u,), use of face mask and physical distancing

(u,), sanitation (u,), and treatment (u,). From the

model, we formulated a system of non-linear ODEs
which we used to obtain the invariant region,
proved the positivity of the system's solution,
determined the equilibrium states (disease free
equilibrium and endemic equilibrium) of the
system, determined the reproduction number which

AV, =0S,, — (¥ + 1y WV,

dt
%zAH+WvH-[ﬂH(|H+KAH)+/3C|C+ﬂVvE]SH—(o+uH)SH
dg:tH =[Bu (1 + <A+ Belc + BNe | Sy — (@4 + 14y Ey
d(;—::(l—a)a)HEH — (8, + 0y + 8+ )
dd;':ﬂzaa)HEH — (O, +a, + 6, + py ) Ay
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et al. (2020); Anzum and Islam (2020); Tiwari,
Deyal, and Bisht (2020); Sarbaz, Salih, and
Sulaimany (2020); Daniel (2020); Ahmed, Modu,

was used to establish the transmission dynamics of
the disease, proved the stability of the disease free
equilibrium, and most importantly obtained the
optimal control strategy using numerical
simulations.

The remainder of this paper is organized as
follows: section 2 presents the model formulation
with constant control. Section 3 presents the
positivity of the solution of the system, the
invariant region, the equilibrium states of the
system, and the basic reproduction number. We
discuss the local stability and the global stability of
the disease free equilibrium of the system in section
4. We presented the optimal control analysis in
section 5. Numerical simulations of the system with
variable controls and discussion of numerical
results are presented in section 6, and in section 7,
we present the conclusions.

2.0 MODEL FORMULATION

We proposed a mathematical model of covid-19
disease based on the R-P model by Chen et al.
(2020) which describes the transmission network of
covid-19 disease, incorporating vaccination and
pets (cats) compartments from which we
formulated the following system of ODEs:

dH
gt =l T oA = (G, +y+ ) H,y
1)

drR

dtH =yHy — Ry

dv

th :51|H +52AH +53|C _IUVE

ds

o8 A Sl 1A+ A,SVe ] - S

dl
d—tC:,b’HSC(IH + KA, )+ B, S Ve — (8, + 0. + i) e

The ten (10) compartmental model is made up of
Seven (7) human compartments, two (2) vector
(cats) compartments, and a compartment for the
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pathogens. The model sub-divides the human
population into Vaccinated individuals (V,),

Susceptible individuals (S,;), Those who are
exposed to the disease (E,,;) those who have been
infected and can transmit the disease (l,), the

Asymptomatic people (A, ), that is those infected

but don’t show symptoms and can also transmit the
virus, the hospitalized humans(H,), the

recovered persons (R, ), from the disease, and the

reservoir (Vg), that is the environment where the

disease thrives. The cats’ population is also divided
into susceptible cats (S.) and infected cats (l.).

The population of the vaccinated class increases
due to the vaccination of susceptible individuals at
the rate v and decreases as a result of the waning of
the efficacy of the vaccine given by w,and the

natural death of individuals gy, decreases the
population for all human compartments.

The population of susceptible class increases due to
the recruitment rate A, at birth of newborns that
are not vaccinated and those individuals in whom
the efficacy of the vaccine has waned. And the
population of the susceptible class decreases as a
result of individuals getting infected, given by the
function

Ay AWV =B (A + Bl + B Ve Sy — (0+41,)Sy,
where S, B or A, are the disease transmission
rates from human, cats, and the environment,

respectively.
The population of exposed class (E,, ) increases

by a function

[ﬂH(IH+KA1-|)+ﬁc|c+ﬂ/VE]SH and
decreases by (@, +u,)E, ,where o, is the
modification parameter which accounts for
incubation period of the disease in the individuals
infected. The population of the symptomatic
infectious compartment increases when individuals
leaves the exposed class by a function
(1-o0)w,E,, ,where (1-0)is the

proportion of individuals entering the symptomatic
infectious class from the exposed compartment,
and the population decreases by

(8, +ou+ 6+ py)lyy, where &, is the disease

induced death rate of the symptomatic infected
individuals.

The population of asymptomatic infected
individuals A, increases by a function oo, E,,

where o is the proportion of those that contract an
infection, although they do not show symptoms,
while decreases by the function

(04, +a, +3, + 14, ) Ay, where 6, is the disease
induced death rate of asymptomatic infected
individuals, and a,is the rate at which

asymptomatic infected humans are hospitalized
leaving the asymptomatic compartment.

The hospitalized individuals’ population increases
when individuals tested and found positive gets

hospitalized at the rate ¢« anda,, from

symptomatic and asymptomatic compartments,
respectively, and decreases by the function

(84, + 7+, )H, , where y is the recovery rate of
hospitalized individuals.

The population of susceptible cats S, increases

with the natural recruitment rate at birth of new-
born cats A, and decreases when the cats comes

in sufficient contact with infected humans I, ,or
the exposed environmentV,. This is given by the
BaSc (I +xA,) + A, S Ve, and  the
natural death rate, given by .. The population of
infected cats increases by the function

BaSc(l, +xA, )+ 3,SVeand  decreases by
(03 + S + 1)l

function

3.0 ANALYTICAL RESULTS

In this section, we present the analytical results of
the covid-19 model with vaccination and pets (cats)
compartments. We established the positivity of
solution of the system of equations with constant
control, studied the invariant region, established the
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disease free and endemic equilibrium states of the
system, and determined the basic reproduction
number.

Vv, >0,S, >0,E, >0,l,, >0,A, >0,H, >0,R, >0eR/,
SC >O, IC >0e Rf, and VE >0¢€ R+, then the
solution set
(Vi (0, S (0, B (1), 1 (0), Ay (), Hy, (0, R, (1),
(Sc(t), 1 (t)),and V,(t)are positive for all time

t.

Proof:

From the first equation in (1) we have

d;/tH =vS,, — (¥ + 1, )V, , which can be
expressed as an inequality thus;
d(\j/tH >—(w +u, )V, - Using separation of

variable technique and integrating, we can have the
solution as  V, (t) >V, (O)e_j (et
conclude that V,, (t) > 0. Using similar approach
for

SH (t)! EH (t)1 IH (t)’AH (t)! HH (t)’ RH !
Sc(t),15(t), and V() shows that the solution is
positive V' time T, such that the solution set

Vi (0, S (0, B (0, 1 (0, Ay (0, Hyy (0, Ry (0, Ve (1), Se (8), 1 (0]

is positive V t.

and

3.2 Invariant Region
The model equations (1) were analyzed in a
biologically feasible region.

Theorem 2: The solutions to the system (1) with
initial conditions in theorem 1 satisfied

vV, >0S,>0E,>01,>0A, >0,
H,>0R, >0V, >0,S.>0,1. >0
Vv 1>0.

The regions Q,, €R’, Q. e R?,and

N (t), and N (t) are also bounded. Therefore, it

https://doi.org/ 10.57233/ijsgs.v9i2.469
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3.1 Positivity of Solution
Theorem 1: Let the initial solution sets

QE* € R+, are positively invariant and attracting
with respect to system (1). Given that

N, =V, +S,+E, +1,+A, +H, +R,,

N; =V, and

Ne =S¢ + 1, such that

Q,=Q, cR/, Q= Q; cR,,

Q. = Q. < R?, with

%, ={(V4,S4.E 1 Ay Hy R, ) €RY;
V,+S,+E, +1,+A, +H, +R, gA_H}

Hiy

Qe ={(Sc,Ic) e RE; S +1¢ < ﬁ}’
He

Proof:

For human population:

dR,

dN, _dv, ds,  dE,
dt  dt  dt  dt dt  dt = dt

iN,

dt
This can be written as an inequality

dN,,
dt

expressed in a general solution as

NH (t) < AH _(AH _IUH NH (O))

My Hy
that at initial condition t =0, and
N, (1) =N, (0).
Therefore, as t —> 0, the population size

<A, —u,N,, . The inequality is

e ", given

AH . . .
N, — — implying that N, (t) is bounded as
H

Ay
0 < N,, <—=Similar approach proved that
Hy

posed, hence it is sufficient to study the dynamic of
the model in Q (Pinto & Carvalho, 2015).

171
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3.3 Disease free equilibrium
At disease free, we set

EH = IH :AH = HH = IC :01 and SOlVing the
equations in the system (1) we have

OIO
C''H

(V.85 EQ 10 AL HYL R, VS

[

3.4 Endemic equilibrium
Using substitution method to solve for equations in
system (1), we obtained
Ay +uy)
[+ 0+ ) | + 1) —0w
[

[ +(+ ) [ + ) vy
_ AN+ 1)

(@4 + i) {[ A + 0+ ) | + ) -0y}
I = A;AH (1_0-)a)H(l//+:uH)
" (o + 14,)(S, +a1+61+:uH){|:j‘1*+(U+:UH):|(V/+IUH)_UV/}

)

,0,0,0,0,0,0, Ac

LA, Ay + )
(l//+/'lH)(U+/~‘H)_U'//’(U+/JH)(1//+/JH)_UV/

C

H

A, = 00 Ay A (¥ + )
(@4 + p1y) 0y, +a2+§2+#H){|:jl*+(U+#H):|(I/I+IUH)_U(//}

__ahtrad
(5»-13 +y )
7(05112**'0’2)‘;)
Hy (O, + 7+ 1)
V* _ (511’;4—62];4—53';)
E— ,
Y7
o _ Ae [ AuSe (i 1)+ B SeAi]
¢ He
17 = BuSc (g +x4) + B, Sy
¢ (65 +0c + te)

Hy

R, =

)

ﬂi*zﬂH(IH +KA—|)+ﬁc|c+ﬁ/VE’
=15 A=Ay Ve =4,

where

3.5 Basic Reproduction Number

The basic reproduction number, R, is the average

number of secondary infections generated by an
infectious individual who is introduced in a wholly
susceptible population. We use the next generation

)
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matrix to determine the basic reproduction number,
R, (Diekmann, Heesterbeek, and Metz, 1990).

1 _[ﬁH(IH +KAH)+ﬁCIC+B\/VE]SH +(U+IUH)SH_

e,
Ly 0
0
F= :HH h 0
v, 0
Lle | [ﬂHSc(|H+’(AH)+BchVE]+ﬂcSc
_Vl_ (a)H +,uH)EH
Va (8, + o +6,+ 1, )1y —(L- o), E,
Vi=| 2|y @yttt mn -onE,
v: (O, + 7+ m)Hy — eyl —a, A
v WNe =81, —8,A, — 51,
- L (05 + ¢ + )l
[0 BT BukSy O BSh ASE]
0 0 0 0 0 0
F:O 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 ASc BukS. 0 BASc 0|
But S0 = Anlytm)
(0+ )y + ) -y
o _Ac o i
Sc =— at disease free equilibrium, therefore
He
0 g x9 0 g, Q]
0 O 0O 0 0 O©O
c_[00 0 00 0 (3)
0 O 0O 0 0o o}
0 O 0O 0 0 O
|0 a, «xq, 0 g5 O]
From (3), we let
_ AH(V/"UUH)
ql_ﬂH ]
O+ )y + py)-vy
) Ay ly+uy)

T (0 )+ ) oy
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! By — o o
g, = Ay + ) =4 Ac | A o e Gk ok oo k)
O+ )y + py) —vy He s x5 N
A =——+ , =— ) y =—,
q :ﬁv c Kp0y  4eKy0s k3q1 ﬂksqs 1G4
> U 1 0,
c =+,
Ksdl,  1Ks0;
K 0 0 00 0] B, = — (0, —0w, )+ k0t (50, — B,k +06,0,k),
_(1_0-)60H kz 0 0 0 0 1 k1k2q4 H H k1k3q4 ,Uklkzksqs ITH™3 IH™3 27H ™2
1
S| om0k 00 0 @) Bz:ki+ fi B fz B,
- 0 —o, -a, k, 0 0 ' Ay MK 3y HKOs G5
0 -5 -5, 0 u -5, B, = 53 .
0 0 0 00 Kk H4sGs N _
) k= ( )k, = (S . 5 Therefore, we evaluate the characteristic equation
where =y +4y) K, = +o,+o,+ 1y ), - . .
V=0 ) K = (0 a0+ ) |[FV™'~Al|=0 and our basic reproduction
Ky =(04, +@,+0,+ ), Ky =S, +7+44,), and | number is therefore
k5:(§3+5(_:+,uc)- _ Rozl(A&+Bs+\/(A1_Bs)2+4BlAs) (6)
A A A0 A A 2
c 0 0 00 0 4.0 STABILITY ANALYSIS
FV )= O 0 0 0 0 0]( We examine the stability of the model system for
O 0 0O O 0o O covid-19 disease at disease free equilibrium point.
0 0 0 000 4.1 Local stability analysis
. ility analysi
B B B 0 B B Theorem 3: The disease free equilibrium E° point

where in (5) we let

F =vS, —(v+u, )V,

F,=Ay +yV, _[ﬂH(IH +xA)+ Bl +ﬂvVE]SH —(v+u,)S,

of the model is locally asymptotically stable (LAS)

if RO <1, and unstable if otherwise.
Proof: We let

Fo =B (1l + 1A + Bele + BV ]S, (@, + 1, )E,
F,=Q-0)o,E, — (6, +a, +6 + ),
Fs=o0w,E, —(5,, +a, + 0, + 1) A,

Fo=al + A, — (8, 47+ )My

F,=7Hy —uyRy

F=0l, +0,A, +,], —uVe

Fo = Ac —[BaSc (1 + 1A+ B, SVe |- 1 Sc

Fio = B Sc (I + 1Ay ) + &, ScVe — (05 + ¢ + 44c) I

At disease free equilibrium, that is |
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(V5. S5, ER 10 AL HYLRE VESL I ) =

[ LA, Ay +uy) OOOOOOEOJ
W+ )+ )~y Oy ) -y He'
v 0 0o 0 0 o0
|V 0 -b b, -b, b, (8)
0 0 i b1 bz b3 b4
Jo=|0 0 (-o0)w, -, 0 0 0|=0
0 0 Oy 0 - O 0
0 0 0 55 -t 6
0 0 0 ¢, Cs Cp -
where
= AH (l//+/uH)
bl_ H
O+ uy))y + ) —vy
bZZﬂHK AH(W+:UH) '
O+ )y +py)—vy
b, = A, Ay (v + ) |
(U+ﬂH)(l//+ﬂH)—1)l//
A A A
Cra = P _C’C75 :ﬂHK_C,Cm =B, =,
He He Lo

L= +u) np=0+u)

=(o, + ), 1, =0y, +a,+6,+uy),

I, = (O, + 0t +6,+ 14y),

e = 4,1, = (05 + ¢ + 1),

[J.o—Al1=0, we obtained the
characteristic polynomial as

DA’ +D,A° +DA° + DA' + DA° + DA% + D, A+ D, =0 (9)
We apply Routh-Hurwitz criterion according to

which all roots of the polynomial (9) have negative
real parts if and only if the coefficients D,, are

positive and the determinant of the matrices H, >0
fori=0,12 3,4,5,6,7.

So for

Lemma 1: The point K° :(XO,O) is referred to
be the stable global asymptotic equilibrium point if
additionally, R <1 and the conditions H,&H,
holds true. The resulting theorem is formed:

Hence, the polynomial (9) have negative real parts
in all of its eigenvalues. Given that all values of

/11 <0, for i=123,..... 10 when R0<1, we

conclude that the disease-free equilibrium point is
locally asymptotically stable (see Appendix Il for
the analysis of the Routh-Hurwitz criterion).

4.2 Global stability analysis

To determine the global stability of the disease-free
equilibrium, we applied Castillo-Chavez et al.
(2002) methodology. Thus, our system of equations
(1) is rewritten as follows

dXx
—~=F(X,Z
%f:e(x,z),e(x,o):o
where X =(V,;,S,,Ry,Sc) denotes the number

(10)

of uninfected individuals and X e R*, while
Z=(E,, 1Ay Hy,, Ve, 1) denotes the

number of infected individuals andZ € R®. We
represent the disease-free state by E° =(X°,O)

.The two conditions(Hl & Hz)
must be met to guarantee a global asymptotic

stability:

H,: for%:F(X,o),Xoisglobally
asymptotically stable (11
H, :G(X,Z):CZ—G(X,Z), where
G(X,Z)ZO, for(X,Z)eQ (12)

where C =D,G(X°,0)is an M —matrix (the

off diagonal of C are non-negative) and €2 is the
biological feasible region.

Theorem 4: Let R <1, the disease-free equilibrium

is then globally asymptotically stable.
Proof:
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Let X =(V,,S4, R, S¢)
Z=(Ey 1y, Ay Hy, Ve, I ) and
K° :(XO,O) where

on[ VA, Ayl +u) OAC] (13)
W+ )0+ ) =0y O+ )+ ) -y e

XeR'=
d;/tH =08y — (¥ + )V
= A A KA B+ AVCIS, (0 )5,
dr, B
AL
dditczl\c_[ﬂHsc(lH+KAH)+A/SCVE]_,”CSC
(14)
__(O)H +,u|-|) ,BHSE| ﬂHK-S&
(-0)o, (0 +o,+0,+uy) 0
c=| ™ 0 ~(Gy, + 46, + ity
0 % a,
0, 5,
L 0 BiSe B xSe
G(x.2)| _
AZ(X’Z) [Buly + BuxcA, +A6VE+ﬁCIC](S?4—SH)
G(X,2)= GAS(X'Z) _ g
X,z
Gs(x,z) [ﬁHlH + fuxA, +ﬂVVE](Sg_SC)
G (X,2)
(18)

LA,
(v + )0+ ) —vy
Ay (w +py)
F(X,0)=| (7 + )0+ ) - (15)
. Hy Hy) -y
0
Ac
Hc
ZeR' =
dE,
dt :[ﬂH(IH+KAH)+/BCIC+1&/VE]SH_(C‘)H+/“H)EH
dl
T::(l_o-)a)HEH_(5H1+a1+51+:uH)IH
d
d;AtHzaa)HEH—(é'Hz+a2+é'2+yH)AH
dH
dtH =yl +a, Ay = (S, +7+m)Hy
dv,
th =01l + 6, A + 65l — Ve
dl
Tf:ﬂHSC(IH+KA‘H)+la/SCVE_(6B+5C+luC)IC
(16)
ASh  BS:
0 0
0 0 0 (17)
~(0y, +7+m) O 0
“H 9
0 ﬁvsg —(0y+ 0 + 1hc)

Therefore, since S, <S5, and S¢ <S¢, the

population is bounded and G (X, Z)>0.

The global stability of
0:[ LA, AH(‘//+IUH) ch
W+ )0+ ) oy (¥ + )0+ py)—oy e

then system Z_)Ez F(X°,0)is easy to verify.

Therefore, X © is globally asymptotically stable if
R, <1.. This completes the proof.

5. OPTIMAL CONTROL ANALYSIS
We investigate the optimal level of efforts that will
be needed in controlling the disease transmission.

175



1JSGS VOL.. 9(2), JULY, 2023 https://doi.org/ 10.57233/ijsgs.v9i2.469 https://fugus-ijsgs.com.ng

Therefore, we examine the objective functional
formulated as:

J(ul,uz,u3,u4)=ﬁf {(F’lEH +Pl, +PA, +P4HH)+%(Qi uf)}dt, i=12,..4. (19)

Since our aim is to minimize the number of J(u:,u;,ug,u;): min {J (ul’u2,u31u4)9ul’u21u3’u4EU}

infections in the exposed compartmentE,, R _
where U is the set of measurable functions

symptomatic  infected  compartment IH’ defined from UO,Tf] onto[0,1]and P, and Q, are

asymptomatic infected compartment AH, and | positive weight constants. Optimal control

- s approach in biological problems is explained in
hospitalized individuals compartment HH at a | |enhart and Workman (2007).

very low cost of control Uy (t), U, (t),u, (t),u,(t), | Given the system of equations in (20),

we seek an optimal control U_, U’ , U, U, such that

d;/t” =U,0S,, — (¥ + 44, WV,

dth =Ay +wV, —Q-u,)S, [By (I, + A+ Bl |- [@—uy) B Ve +uv+ 14, ]S,

d:tH =@Q-U)[ By (1, + kA + Bl ]Sy + @—Uy) B, S, Ve — (@, + 1,)E,,

d(;tH =(1-0)o,E, — (6., oy +6 + )1y

dd;':H=O'a)HEH — (O, o, +6, + uy ) A, (20)
d:tH =auly + oAy = (S, + Uy + ) Hy

d;” =urH, — 1y Ry

d;{[E =51, +5,A, + 8,1, — 1NV,

djtc =Ac —[@=u,) B, Sc (I +xA;) + (1—Ug) B, ScVe | — 1S

%‘3 = (@-Uy)B,Sc (I, + KA, +(L—Uy) B, SoVe — (8, + 8 + 1)1

We pose the following theorem: Moreover, there exists adjoin functions

Theorem 5: There exists an optimal control set ﬂVH’ASH'ﬂEH"%lH’AAH’AHH”%RH’ZVE’ASc’and’ilc such

u,u,,u,,u i g
1Uy,Us, Uy and the corresponding state system that our Hamiltonian is

(1) that minimizes J (U;,U,,Us,U,) over U .
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1
H=PE, +PIl, +PA, +P,H, +§(Q1uf+Q2u22+Q3u§+Q4uf)

+ 2, [U0S,, = (7 + 114 WV, ]
+5, {An HV —(0=1,)S,, [ B (1 + AN + B ] - [(L—Ug) BVe +U+ 1, ]Sy |
+2e, [A=U,) [ B (1 + kA + B0 ]Sy + (L—U3) 8,5, Ve — (@ + 1) Ey]

+4,, [A-0)o By — (6, + oy + 6+ 1)14] (21)
2, o0 B — (0, +a, + 6, + 1y ) A ]

+A, [l + @, Ay — (6, + U,y + iy )H, ]

+2p, U7 Hyy — 14 Ry ]

+/1VE [0, +0,A, + 5,1, — V]

+25, [A = [@=U,) B S (1 + KAL) + (1= 1) B,SVe |- 14.S.]
+ﬂblc[(1—u2),6H S (Iy +xA))+A—-uy)B,S Ve — (0, + 6, + 1)1, ]

where 4, A A 4 ,,1AH,AH e A A, and/, Given the transversility conditions:
are the ac?joir;| va:iab:es or th:i-:' coH—staEte vcariables.
()2 ()= (1) A (1) Ay () ()= ()= 2, 1) 2 ()2 ()0 @

And the controls UI,U;,U;,UZ satisfy the
optimality conditions

U = mélX{O,min 1Mj}
Q
U; = maX{O,min 1 ME” _/13” )5y (1 +KAH)+U’EH —,15H VB +(/1|C _/Isc)ﬂHSc“H +KAH)]}
Q -
u; = max{olmin Ve A5 B SWVe + (h — 4 )R ScVe j}
Q
U, = max{o,min 1%]}

Proof: The adjoin system were obtained by
differentiating the Hamiltonian function in (21),
evaluated at the optimal control which led to;
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dA,,, oH dAag, oH dA. oH

dat  &v,, dt &8s, dt @ eE,
d4,, &Hd dAa, =~ o+4 dA4,, =~ oH

dt a1,  dt = oA, dt  SH ., (29
dA,, @ &+ d4, = o&6+d dA,. = oH

dt = AR,, dt  &v.’  dt  8S.
Cl/ﬂl’lC . oH

dt  ol,

d

e (b, A At

d/,

S =, e YU (A Ui, e A+, 7, Y- AN Ui, A YA

dA
—t = (j’EH _/1|H oy +(ﬂ‘IH _/1AH Jow, +/15HIUH -R

dt
d2,
d_tIH = (ﬂsH _AEH JA-U,)B,S,, +(/7~sc _/1|C)(1_uz)ﬂH Se +(ﬂ'IH _/’{’HH Joy + (/LH _ﬂ‘VE)(sl +(5H1 +Hy )}HH -P,
da
d_:ﬂ = (ﬂsH — A, JA-U,) ByKSy, "’(ﬂ*sC _/1|C)(1_u2)ﬂHKSc +(/1AH — Ay, Ja, + (/1AH — A, )%, + A, (5H2 + 1) - Py
da,
dtH = (AHH _’1RH )u47/+/1HH (5»-13 +uy)-P,
dig,
at _ﬂ’RH Hy
d4,
th = (/ISH _/15H )(1_US)AISH "’(/15C _ﬂ’lc )(1_U3)A/Sc +ﬂvE,u
d
b A A A+~ YRV s (25)
dA
dtlc = (ﬁsz _ﬂ‘EH JA-U,) B8, "’(/74c _/1\/5)53 +/1|c (0 +uc)
with transversality condition (22), we obtain the | Thus
characterization of the controls by solving for . (A, -4 S,
: u - H H
U, (1=12,3,4) in (26) 1 Q
H oM oM g aa o (25 | il BMASO AR RSO i)
ou,  Ou,  Ou, ou, Q
y - e A RS Ve + (s 4 A ScVe
3 Q3
o (= DMy
4
(27)
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Therefore, based on the standard control arguments
involving the bound on the controls, we conclude
that

0 ifu <0 0 ifuy <0

u =4utif 0 <ul <lLu,=<ufif O<uy <1
1ifuf =1 1 if ug =1 (28)
0 ifuy <0 0 ifu <0

u; =<udif O<uf <Lu; =<ufif O<uf <1
1 if uf >1 1 if uf >1

Due to the apriori boundedness of the solutions to
both the state and adjoin equations., we determine
the uniqueness of the optimality system (21) — (23).

Table 1: Parameters and Their Values
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The restriction of time interval duration [O,tf ]

to ensure the uniqueness of the optimality system.
This is because the state problem has starting values
whereas the adjoint problem has final values due to
the opposite temporal orientations of (21) - (23). In
control problems, this constraint is typical,
(Alhassan, Momoh, Abdullahi & Kadzai, 2017).

6. NUMERICAL SIMULATIONS

In this section, we use values of the parameter and
state initial values from Tables 1 and 2
respectively, to investigate numerically, how the
best control measures might affect the spread of
Covid-19 in a population, which we implemented
in Matlab.
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Parameters Range Value Units Source
A 0.01888 World Bank
H
0.0351 Assumed
AC
0.00712 World Bank
Hy
0.00032 Assumed
He
7] 0.1724 Day?! Mwalili, (2020)
S 35 Day* Ndairou, (2020)
H;
1 Day! Ndairou, (2020)
5H
2
0.3 Day! Ndairou, (2020)
5H
3
5 0.00003 Day! Assumed
C
)i 0.35 Assumed
ﬁ 0.0805 Day! Ahmed, (2021)
H
A/ 0.10 Mwalili, (2020)
ﬂ 0.61 Assumed
C
0.2-0.5 0.33604 Day! Olaniyi, (2020)
o
a 0.1-0.25 0.19466 Day! Olaniyi, (2020)
2
S 0.1 Day! Mwalili, (2020)
5 0.05 Day Mwalili, (2020)
2
5 0.15 Day! Assumed
3
4 95% Choi, (2021)
7 0.06666667 Day! Olaniyi, (2020)
(1_ O') 0.5 Olaniyi, (2020)
o} 0.5 Olaniyi, (2020)
0.143 Day! Deressa (2020
o, y (2020)
~< 0.3 Khoshnaw (2020)
P 1 Assumed
1
P 1 Olaniyi, (2020)
2
P 1 Olaniyi, (2020)
3
P 1 Olaniyi, (2020)
4
Q 20 Assumed
1
Q 45 Sasmita (2020)
2
Q 40 Assumed
3
90 Sasmita (2020)
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Table 2: State Variables at Initial Values Used in the Model

State variables Values
V.0
SH (0) 1000
. (0)
140
A0) °
H, 0 &
R (0) &
VE (0) 5000
SC (O) 1500
110

50
Time (Days)

Fig. 1(a)

Sympiomatic infocted Humans

[
@ °

g

Asymptaratc fected Humans
g 8

e 3@
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The strategies implemented are:

I. Strategy I: Use of vaccination, Physical
distancing and face mask, and sanitation
for the population.

ii. Strategy II: Use of vaccination, physical
distancing and face mask, and treatment for
the susceptible as well as infected
population.

iii. Strategy Ill: Use of vaccination, sanitation,
and treatment for the susceptible and
infected population.

iv. Strategy IV: Use of face mask and physical
distancing, sanitation, and treatment for the
susceptible and infected population

v. Strategy V: Use of vaccination, face mask
and physical distancing, and treatment for
the whole population.

Figures 1 to 5 show the outcomes of the numerical
simulations.

Fig. 1(c)

Hospalized Humans

Time (Days)

Fig. 1(d)

Control Profile:
o
o

Fig. 1(e)
Figure 1: Implementation of strategy I.

6.1. Strategy I: an optimal use of vaccination,
physical distancing and face mask, and
sanitation as control strategy
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Strategy |, vaccination, physical distancing and

face mask, and sanitation, (U;,U,,U,), is used to

mitigate the spread of covid-19 virus amongst
susceptible population by optimizing the

objective functional (J), setting U, to zero.

Figures 4.1a — 4.1d shows some differences in the
population of individuals who contracted the covid-
19 virus with control measures and without.

Figure 1(a) shows a significant difference in the

exposed human population EH with optimal

control strategy compared to EH without control.

We observed in figures 1(a), 1(b), and 1(c) that as
a result of the control technique, the number of

exposed humans EH , infected individuals |H,

asymptomatic infected individuaIsAH reduces,

while when there is no control, the population
grows. In figure 1(d) however, it is not so with
population of hospitalized humans. This is to say
that control strategy | is not favorable to
hospitalized humans. The control profile in figure
1(e), revealed that it requires 100% implementation
of use of face mask and physical distancing, and
sanitation for 80 days and 96 days respectively
before they dropped to their lower bounds, and for
vaccination it stays at lower bound.

Exposed Individuals

Symptomatic Infected Humans
8

-

] 10 20 3o 40 50 60 70 B0 80 100
Time (Days)

Fig. 2(b)
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Asymptomatic Infected Humans

°
T

Hospitalzed Humans

a8 883G
o

o B
T

Time (Days)

Fig. 2(d)

Control Prefie
=]
o

Time (Days)

Fig. 2(e)
Figure 2: Implementation of strategy I1.

6.2 Strategy Il: an optimal use of vaccination,
face mask and physical distancing, and
treatment as control strategy

In this strategy, the optimal use of vaccines, use of
face mask and physical distancing, and treatment

(U;,U,,U,) were used as the only control strategy
to optimize the objective functional (J),setting

U, = 0. Thus, it can be observed in figures 2(a) to
2(d), that the number of exposed humans EH :
infected individuals |H, asymptomatic infected

individuals AH , and hospitalized humans, decreases

due to the control strategy, while the incidence
increases when there is no control. The control
profile depicted in figure 2(e) showed that
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administration of vaccines, use of face mask and
practicing of physical distancing, and treatment as
control strategy for mitigating the transmission of
covid-19 virus is at the upper bound at 100%

implementation of U; and U, for 32 days and 93

days respectively, and use of face mask and
physical distancing for 93 days before they dropped
down to their lower bounds

E 8

Expesed Individuals
8 g

3
L
X

Control Profile

©
7
i

_________

Time {Days)

90
80
@ 70
= i
£ go @
2 1
I
5 Ore
&
5 v
& Wy
[
200 @
*
° ¥
o - J
o 10 20 30 a0 s0 &0 7o 80 20 100
Time (Days)
oo ® u,=ou,=ou,=o0 ||
- — —u, = 0u, = O, O
140 &
-
2120 o
5
ém{;—"\
3 -’ ~
3 8o |1 “
= d A
2 el .
= .
2 aof .
= -~
£ zo ~
~
oF S~
20 b S~
~a0 b Il
o 10 20 30 0 50 60 70 80 80 100
Time (Days)
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Hospitalzed Humans
b8
—

8

Time (Days)

Fig. 3(d)

Fig. 3(e)
Figure 3: Implementation of strategy 111

6.3 Strategy IlI: an optimal use of vaccination,
sanitation, and treatment as control strategy

Optimal use of vaccines, sanitation, and treatment:
considering the administration of vaccines,

sanitation, and treatment (U, Uy, U, ), we set the

use of face masks and physical distancing (U,) to

zero in the susceptible human population as the
only control strategy to optimize the functional
(J) . Figures 3(a), 3(b), and 3(c) shows that in the

presence of control, the number of exposed

individuals EH , infected people | Ho

asymptomatic  infected individuaIsAH, and

hospitalized individuaIsHH decreases to the

minimal level as compared with the number
without control. The control profile in figure 3(d),
shows an upper bound at 100% implementation of
the three controls of vaccination, sanitation, and
treatment in 39 days, 60 days, and 100 days
respectively before they dropped down to lower
bound.
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Exposed Individuals

W
8

3

N
&

Time (Days)

Fig. 4(a)

Symptomatic Infected Humans

Time (Days)

Fig. 4(b)

Agymptomatic Infocted Humans

30 40 50 60 70
Time (Days)

Fig. 4(c)

Hospitalzed Humans

- - =uy,®Ou, = Ou, =0

il S

U, =0u,=0u,=0

30 40 50 60
Time (Days)

Fig. 4(d)

70

80 20 100

https://fugus-ijsgs.com.ng

u, =0
=0

—_ =0

1y

Control Profile
o
in

o 10 20 30 40 50 0 70 80 20 100
Time (Days)

Fig. 4(e)
Figure 4: Implementation of strategy 1V

6.4 Strategy IV: an optimal use of face mask and
physical distancing, sanitation, and treatment as
control strategy

Optimal use of face mask and physical distancing,
sanitation, and treatment: we used the control of use

of face mask and physical distancing U, sanitation

U;, and treatment U,, which were combined to
optimize the objective functional (J), while

setting the vaccination U; to zero. In figure 4(a) to
4(d), the population of exposed humans EH,
symptomatically infected |H y asymptomatically
infected AH,and hospitalized individuals HH

decreases in the presence of controls U,,Us,U,,

meanwhile the number of individuals in those
classes increases when there is no optimal strategy.
Meanwhile, the control profile in figure 4(e), shows

that the controls U,,Us,U, are at upper bound

100% implementation of the three controls in 80
days, 97 days, and 98 days respectively before
dropping down to lower bound.

1000 |- | ® u,=0u,=0u,=0u,=0 ['*

- = —u, ®0u, ¥ 0u, ® 0u, *0

Exposed Individuals

Time (Days)

184
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Fig. 5(a)

uy =0u, =0u, =0

— — —u, = 0u, = Ouy = Ou, = 0|7

g 3

o
°
T

g 3

»
°
T

Symptomatic Infocted Humans

¥ 8

o
T

Time (Days)

Fig. 5(b)

Asymptomatic Infected Humans
5 B 8 8
T T T

o
T

o
T

40

50
Time (Days)

Fig. 5(c)

60

U, ® Ou, = Ouy = Ou, =0

Hospitalized Humans
&
—

Fig. 5(d)

Centrol Profile

Fig. 5(e)
Figure 5: Implementation of strategy V
6.1.5 Strategy V: an optimal use of vaccination,
face mask and physical distancing, sanitation,
and treatment as control strategy

185

Optimal use of vaccination, face mask and physical
distancing, sanitation, and treatment U;,U,, Us,U,:

in this strategy, the four controls are used to
optimize the objective functional (J). Figure 5(a) to

5(d) shows a significant difference in the infected
population with optimal control strategy compared
to the number of cases without the controls. We
observed that the control strategies resulted in a
significant decrease in the number of affected
population as against the increases in the case
where there is no control. The control profile in
figure 5(e) indicates that the optimal controls

U;,U,,Us, U, is at the upper bound when the use of

face mask and physical distancing, sanitation, and
treatment are at 100% implementation stage for 87
days, 98 days and 99 days respectively, and
vaccination before it drops down to the lower
bound

7.0 CONCLUSION

In this paper, we studied an SEIR structured model
of covid-19 with vaccination and pets compartment
and four (4) control strategies, being a modified
version of the work of Chen et al. (2020). For the
control parameters in the analytical solution, we
presumed a constant control. The positivity of the
solution was proven and the system of non-linear
differential equations were epidemiologically and
mathematically well-posed. Using the next
generation matrix approach, we obtained the basic
reproduction number. The disease free and endemic
equilibrium were established. The disease free is

locally asymptotically stable when R <1 and

unstable if RO is greater than 1. The global stability

of the disease free is proved to be globally
asymptotically stable when the associated

reproduction number R <1. This suggests that in a

stable equilibrium the disease will entirely die out,
however in an unstable equilibrium it will continue
and spread to become endemic. In order to
determine the ideal level needed to stop the spread
of the covid-19 illness in a population, we
employed Pontryagin's Maximum Principle.
According to numerical findings, strategy V, which
combines the use of vaccines, face masks and
physical distancing, sanitation, and treatment, is
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the most effective way for preventing the spread of
the COVID-19 virus.
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