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ABSTRACT

In any inventory and production management, deterioration of physical goods is one of the important factors put into
consideration. Therefore, it is very important to control and maintain inventories for decaying items. We considered
inventory problem for deteriorating items where demand is stock dependent and deterioration is controllable under
two warehouse storage facility, one of the warehouses is owned and the other one is rented. Goods are displayed in
both warehouses but demands are met from the rented warehouse until the level of goods get to zero then demands
are met from owned warehouse. We derived the optimal inventory management policies for the cases where; the
demand is constant function, there is no investment in technology and there is no investment in technology and demand
is also constant.

Keywords: Deteriorating items; stock; warehouse; demand; controllable deterioration.

1.0 INTRODUCTION certain period until the next replenishment to get their
A lot of physical goods undergo decay or deterioration | order, so, here shortages are allowed and can be
over time. For instance, commodities such as fruits, | completely backlogged or partially backlogged i.e., any
vegetables, food items etc., while kept in store undergo | customer that come for transaction during the stock — out
depletion by direct spoilage. Also, electronic goods, | period is willing to wait until the next replenishment or
grains, chemicals, pharmaceutical products etc., undergo | some of them that come for transaction during the stock
deterioration through gradual loss of potential or utility | — out period are willing to wait until the next
as time passes. Therefore, goods undergoing | replenishment. Some of the work that have considered
deterioration with passage of time can be found in real | the concept of shortages and backlogging can be found in
life situation, and in any inventory and production | (San — Jose et al., 2020; San — Jose et al., 2019). For
management, deterioration of physical goods is one of | instance, Rajan and Uthayakumar (2017) considered an
the important factors put into consideration. Hence, it is | economic order quantity model which investigate the
very important to control and maintain inventories for | optimal pricing and replenishment policies for
decaying items. instantaneous deteriorating items with backlogging and
trade credit under inflation. Here, they discussed profit
A set of mathematical models that describes the | maximization problem, and determined the optimal
properties of a wide variety of inventory systems and as | selling price, optimal order quantity and optimal
well as different methodologies studies that seek and | replenishment time. Also, how learning effect affect
analyze the best strategies that can be employed in | rework policy, inflation and the time value of money has
inventories management is referred to as inventory | been considered by Amalesh et al. (2021) in their work
theory (Luis etal., 2021). In this regard, Luis etal. (2021) | titled “An imperfect production model for breakable
studied an inventory model where demand rate put into | multi — items with dynamic demand and learning effect
consideration the effects of time and selling price. They | on rework over random planning horizon”. From their
assumed that the demand rate consists of two power | analysis, they concluded that manufacturers should adapt
functions. One of them depend on the selling price and | rework policy to avoid loss due to presence of defective
the other depend on the time elapsed since the last | items, decrease the total cost of the manufacturing system
inventory replenishment. The also assumed that | and increase the rework rate of imperfect items.

shortages are allowed and fully backlogged, and
determine the optimal inventory strategies by | Banu et al. (2021) considered a supply chain model with
maximizing the profit function. They also presented | stock dependent demand rate and trade credit financing.
numerical examples to verify their results. Meanwhile, it can also be observed that lowering the
selling price of a commodity increases the customers
In inventory management in practice, it might be more | demand for that commodity. The work of Halim et al.
advantageous for the firm that customers have to wait for | (2021) tried to explore this idea. Their work considered
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stock dependent demand and nonlinear price dependent
demand for production inventory model for deteriorating
items. The work of Shaikh et al. (2020) also considered
production model for deteriorating item under trade
credit policy. In their work, they investigated the effect
of inflation and price dependent demand on the model
and in the study carry out by Khanna et al. (2020), they

derived the optimal preservation strategies in an
inventory model with stock dependent demand and time
dependent holding cost.

Pervin et al. (2019) developed an inventory models for
deteriorating multi — items with stock dependent demand
and price dependent demand under trade credit policy.
So, lot of inventory models are developed with the
assumption that deteriorating rate is either constant or
time dependent. However, controllable deterioration is
also an important strategy that can influence
deterioration. Thus, studies that considered inventory
model with controllable deterioration have received wide
attention. In our work, we considered inventory problem
for deteriorating items where demand is stock dependent
and deterioration is controllable under two warehouse
storage facility.

2.0 MODELS FORMULATION

2.1 Constants and Variables

S The ordering cost per order

¢ the purchasing cost per unit item

p the selling price per unit item

h, The holding cost per unit time in Owned Warehouse
(ow)

h, The holding cost per unit time in Rented Warehouse
(RW)

u the deteriorating rate of the inventory in the rented
warehouse

W The storage capacity of OW

I, (t) inventory level at time t in OW

I.(t) inventory level at time t in RW

t; The time at which the inventory in RW reaches level
zero

T The length of replenishment cycle

q The replenishment quantity per replenishment

w Maximum capital constraint

& Preservation technology cost per unit time for reducing
deterioration rate in order to preserve the products (0 <
§ S w)

X; (t1) The total profit function per unit time

2.2 Assumptions
i. Replenishment is instantaneous
ii. The time horizon of the inventory system is
infinite
iii. There is no repair or replacement of deteriorated
items during the period under consideration
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iv. It is assumed that the items in the OW follow
reduced deterioration rate M (&) which is an
increasing function of the preservation technology
cost & where

V. ggrgo M) =6,

vii M(&) =0(1—e"%)a>0,

vii.§ >0

viii. The demand rate function D(t) is assumed to be
dependent on the current inventory level, D(t) is
given by

iX. Dt)=a+pIt), 0<t<t

X. @ > 0and 0 < B < 1 are termed scale and shape
parameters respectively

Xi. Shortages are not allowed.

xii.Due to different preservation environment,
holding costs per unit item in RW and OW are
different as a result, it is assumed that the holding
cost per unit item in RW is lower than that of OW

xiii. Items are not transferred from RW to OW,
instead demands are fulfilled directly from the RW
until the inventory level in the RW reaches zero at
time t, and after that, demands are fulfilled from
OW up to time T at which inventory in OW
reaches zero.

3.0 THE TWO - WAREHOUSE MODELS
Here, retailer can order q units in each replenishment
cycle. Out of the quantity g, W units are stored in OW
and the remaining quantity g — W units are stored in
RW. It is assumed that the retailer can also display the
stock in OW to attract customers but demands are
fulfilled from RW until the inventory in RW reaches zero
at time t,. Then, demands can now be fulfilled from OW
until inventory level in OW reaches zero at time T.
Case I: Timeperiod0 <t <t;
In this period, the demands are fulfilled from RW.
Therefore, the inventory level in the owned warehouse
decreases due to deterioration only. Thus, the differential
equation governing the model is as follows:
dlp(t)
—ar —(6 —=m()Io(®) €Y
0<t<t
I,(0) =W
Solving equation (1), we have
dly(t)

(9 - m(f))lo ®)

t t

% = _f dt = —t
0 (9 - m(f))lo(t) 0
1 Jt du ,

0-m(&)J, u

tdu

—=—(0-m@®)t

o u
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60— I dIo(t)
[((9 :((5))))10((;)) —(6-m®)t (e ((;)J; [(;:) () (5)
(0] - m
Ip(t) = I5(0)e~(O-m®) t,<t<T
I,(t) = We(0-m®)t (2) I,(T)=0

Also, in this time the inventory level in RW depletion is
due to the combined effect of the demands and
deterioration. Therefore, the differential equation | Inventory lgvel in OW
governing the model is given by: GT

dlI. (t)

T =~ (®) = (@ + BL()) 3
0<t<t
L(t) =0

Inventory level in RW
A

L >

0 t; T Time
Figure 2. Inventory level for the owned warehouse

Solving Eq. (5), we have
dl, (t)

a—w = —(a+BL,®) = (6 =m(©)l,®)
=—(a+[B+6-m®D]®)
dl,(t) o
. (@+[B+6-m©l,©)
_ 0 t; Time T dl,(t)

Figure 1. Inventory level for the rented warehouse f (a T ——y (t)) =—(T—1t)
dl.(t) a+ [ﬁ +0 —m(§)]1,(T)
ORI CRO) e+ Bro-m©OILO

= —ul,(t) —a — BL.(t) ==[B+6-m(OIT -1t)
—[a+ (u+ BL(1)] @ = e~ IB+O-mM(DIT-D)
i C+[B+0-mOI,®
[+ (u+ B (t)] e = a(elBro-m©Ir-0 _ 1) ;
t1 dl,.(t) o) = B +6—m@) (6)

, ararpro] Gy

, [a+(#+ﬁ)1 (tl)] —(u+ Pt —1t)

Note that from equation (2) and (6) we have that
Io(ty) = We=(0-m@)ta
a(elF+o-m@®IT-t1) _ 1)

ot @+pLm

I,(t) =
W = o~ (B (t1-t) o(t1) B+6—m(§)
a+ (u+pI(t WIB + 8 — m(&)]e~(0-m@)ts
a+ (u+ P (t) = ae®+HED — qelB+0-m@IT-t) _

(1 + P () = a(e®HP(a=0 — 1)
a(e(u+[>’)(t1—t) -1)

L.(t) = 4 a

® n+p ) _ olB+0-m@®)(T-ty)

WI[B + 6 — m(&)]eftr + qelf+0-mOlt

W[ +6- m(f)]e‘(e‘m(f))tl +a

Case Il: The Period t; <t <T

In this period, owned warehouse inventory depletion is « _ olpro-m@Ir
due to combined effect of the demand and deterioration.
Hence, the governing differential equation is given by:
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[W[ﬁ + 0 —m(&)]eftr + gelB+o-mOlts
In

a |

=[B+6 —m(OIT
B +6 —m($)

[W[’g + 0 —m(&)]eftr 4 qelf+o-mOltr
.In
a

3.1 Profit and Cost Components
Holding cost of the items in RW:

ty
Holding cost = hrf I (t)dt

0
f (q(eWrP -t _ 1)
h, f dt
0

n+p
t
_ e (WP -0 _ 1) gt
u+p 0
3 hra e(#+ﬁ)(f1—f) . |t1
p+B| —u+p) 0
h,a (e(u+ﬁ)t1 -1 )
= —t 7
u+B\ wu+p ! )

Holding cost of the items in owned warehouse

ty
Holding cost = h,, f I, (t)dt + h,
0

t1
= hoW f P -(@-m©) gy
e
B+ (6 —m(©)
T(e[ﬁw—m(s)](r—t) —1)dt

t1

|

T
I, (t)dt

o—(6-m©)e |1
~ W e |,
hya [B+0-m(O](T-1)
BT e-m@| Fro-—m@®
t
e—(e—m(f))ﬁ 1
= hoW [<_ 0 —m(®) ) - <_ 6 — m(f))]
h,a B 1 3 T)
+ﬁ+0—mG)(ﬁ+9—mG)

elB+0-m(ON(T~t1)
, _C_ﬁ+9—m6)
oW o
1= (6-m(&))tq

GLa |

L ha
B +6—m(&)

)

@s2013D
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(e[ﬁ+9—m(<’)](T—t1) — 1)

+t, T 8
pro-m@ O ©
Ordering cost = S 9
Purchasing cost = cQ
Q= Ir(O() 4;?)1(0(0))
u+ t1—-0) __
_ a(e 1 1) + We-(6-m©)0
n+p
a(e(u+ﬂ)t1 -1)
=—+W
u+p
Purchasing cost = cQ
ca(e(’”ﬂ)tl -1)
=—+cW 10
h+B (19)
Sales revenue = pJ. D(t)dt
0 ty T
= pU D(t) dt+f D(t)dt]
0 ty

=p 1(oz + BI.(t)) dt
0

+p T(oc + Blo(t)) dt

i1
t1 a
= pf (a + p fﬁ (e(I»H'ﬁ)(H—t) — 1)) dt
0

<a
1 op
TBre-m®

+p

(elp+o-m©IT-0
—-1) |dt
ap

p+B <_
__ P
B+0—m(®
B+0-m@1(T-0)
<_ﬁ+9—m@)>
aft T
_BEH—mG)h
a
oy Z]Z (e®+Pis — 1)
ap(6 = m@)T
B+6—m@)
app(elF+o-m@Ir-t) _ 1)

(B ;9 - m(s‘)]zﬁ
appt, appt,
+ - 11
fro-m® n+p OV
Now, the annual profit function can be expressed as:

3 afit
p+p

t
0

=p|at+

e(u+ﬁ)(t1—t))
p+p

+p |at+

1
X, (t) = T (sales revenue — purchasing cost

—ordering cost
—stock holding cost in RW
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—stock holding cost in OW)

_ LGP usmrn _q) 4 L (6 —m®)T
C T [u+ B B+ 6 —m()
app(elF+o-m©OIT-t) _ 1)
[B+ 6 —m(§)]?
aBpt,
( (ﬁ ;r)t@ m)(f)
appt, [ca(e' Pt —1
_,u+,8_< P +CW>—S
hya [eWPt—1q
_u+/3< e _t1>
hoW
) <9_—m@ [1 - o]
h,a (e[ﬁ+9—m(€)](T—t1) _ 1)
+t,
B+9 m(s‘)[ B +6—m(é)
)

4.0 PROFIT OPTIMIZATION
Total average profit will be maximum (the necessary
condition) if

d —X 0 13
g () = (13)

Provided that the value of t; satisfies the condition (the
sufficient condition)
<0

2
Xy (Q)]
]

Our aim here is to determine t; which maximizes the total
average profit X;(t,). Thus, on solving Equation (13),
we find the optimum value(s) of ¢, for which the total
variable inventory profit is maximum.

(14

Theorem 4.1
If the holding cost per unit time in Owned Warehouse
(OW), the holding cost per unit time in Rented
Warehouse (RW) and the deteriorating rate in OW m(§)
satisfy

i ho > Bp

ii. hy > Bp —c(u+B)

iii. m(é) =6
Then profit is maximized.
Proof:
We have that

(\zn\J)
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B
<[#a+ Z]Z

aﬁpe[ﬁ+6_m(§)](T_t1)
[B+6 —m(§)]?

(u+ ﬁ)e(u+ﬁ)t1)

—(B+6-m(®)

L 9 abp
B+6-m(E) u+p

caeW+Bty

u+p

M+B<[(M B)-
_hoWI[6 - m(f)]

6 —m($)
h,a
[(—[ﬂ +6 —m($)]

(7o
)+2))

e[B+(6-m(©)](T-t1)

B+ (6 —m()
aBpelB+o-m®IT-t)

B+6—m()

{aﬁpe (u+p)t1
app

p+p
+ —_
b’+9 m() p+p

“(u+p)
e(ﬂ+ﬁ)f1

)Y

(e~(0-m©)ur)

1
T

aﬁp j— Cae(#"'ﬁ)tl

L+ B
—h W[e—(ﬂ m(f))tl]
h,a
0 [—elp+(e-m@)T-tn) 1}
Fre-m@l +1]
aﬁpe(ﬂ"'ﬁ)tl
- T{ PEY
app
ﬁ +6-m@)
h ae(#+ﬁ)t1 h a
- +
utp  utp
_hOWe—(O—m(E))tl
h,aelB+(E-m@)]T-t.)

B+6—m(&)
h,a } 0

T B+0-—m(d)
——Xi(t) = —{aﬁpe(‘”ﬁ)tl + afpelF+o-mOIT-t)

aBpelp+o-m©OIr-t)
B+ 86—m()

afp

utp

— caeWtBits

(15)
Therefore,
dZ
dt1
—ca(u + B)e® Pt
—h,ae®@+Bts
+(6 = m(&))hgWe=@-m®O)ta
_hoae[ﬁ+9—M(f)](T—t1)} (16)
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h,)ae (u+B)ty

1
= {Bp —clu+p) -
+(Bp — ho)ae[ﬁ+9—m(f)](T—t1)}
+(6 —m(&))hgWe=O-m®)t1} < 0 (17)
For
i. ho > Bp

ii. h. > Bp —c(u+ B)

iii. m(é) =6
Equation (17) satisfies the sufficient condition that
maximizes the objective function.

Theorem 4.2
If the demand is a
(6 — m(&))hgWe=(E-m©)er

< af(cu + h,)ettr
+ hyel-m@Ir-t)]

constant  function and

Then
2

d 2

Proof

From Equatlon (16), we have

LX) = _{aﬁpe(uw)tl + afpelBro-m@IT-ty)
dt?

—ca(u+ e Pt — p geW+Pt
+(6 = m(&))hgWe(O-m©O)ta
—hyqelf+O-m@NT-t0}

Therefore, for D = a, we have
2

—X1(t) =

dt?
+(9 —m(§))hoWe=(0-mE)r
—hyae0-mONT-t0}

{O +0—ca(u+ 0)e#r — h,aettr

1
= T{—caue“tl — h,aettr

+(6 — m(&) )hgWe=(O-m©O)ta
—hyael@-m©OIT-1)

(0~ m@)howe-e-m©)

— caueltr — b aetts
—hyaeld-m@IT-t2)

(0~ m@©))howe OO — af(cp
+ h,)eHt

+hoe[9—m(f)](7—t1)]} <0

For

(6 — m(&))hgWe=(O-m®)tr

< a[(cu + h,)et1
+ hyelf-m@IT-t)]

@s2013D
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Theorem 4.3

If there is no investment in technology and
i. ho > fp
i, hy > Bp —c(u+p)

Then

2
d 2X1(t1) < 0
proof

from Equatlon (16), we have

— X, (ty) = _{aﬁpe(uw)h + afpelB+0-m@OIT-t)

dt?
—ca(u + e At
_hrae(lﬁ'ﬁ)'ﬁ
+(6 — m(&))hgWe(@-m©O)ta
_hoae[ﬁw—m(f)](T—tl)}

l{aﬁpe(u+ﬁ)t1 + aﬂpe[ﬁ](’r_tl)
T
—ca(u + B)e At
—hr(le(”+ﬁ)t1
+(0)hoWe~(0-0t1
_hoae[ﬁ](T_tl)}

= %{aﬂpe(#"'ﬁ)tl + aﬂpeB(T_tl)
—ca(u + pew+ht
_hrae(ﬂﬂ?)h
+0 — hyaefT-tV}

= (8D — cQu + B) — hy)ae Pt 4

(Bp — ho)aePT-} <0
For
i. hy > Bp
ii. h. > Bp —c(u+p)

Theorem 4.4
If there is no investment in technology and demand is
constant, and

i ho > Bp

i, hy > Bp —c(u+p)

Then
2

d 2
proof
from Equatlon (16), we have

X, (t) = —{a[)’pe(”"ﬁ)tl + afpelB+o-m©OIT-t)

—X;(t;) <0

dt?
—ca(u + Bew+hts
_hrae(lﬁ'ﬁ)i&
+(6 — m(&))hgWe=(O-m©O)ta
—hyqelF+o-mEIT-1)}

FromD = aandf = 0, we have
2

a2 ——Xi(t) = —{0 +0—ca(u + 0)etOt
1


https://portal.issn.org/resource/ISSN/3027-1118

DOI: https://doi.org/10.57233/ijsgs.v10i2.642
1JSGS FUGUSAU VOL10 (2)

_hrae(ﬂ+0)f1
+(0)hyWe= @t
—h, e[0Tt}

=7 {—capettr — h qettr

—h,a} <0

5.0 CONCLUSION

In this paper, we have derived the optimal inventory
policies for deteriorating items with stock dependent
demand and controllable deterioration under two
warehouse storage facility that maximizes the objective
function of the deteriorating items model with stock
dependent demand and controllable deterioration under
two warehouse storage facility. The owned warehouse
have some facilities that control deterioration while such
condition is not available in the rented warehouse. We
obtained the optimal inventory management policy that
maximizes the objective function (average total profit
function) under the prescribe conditions.
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