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ABSTRACT 
The shrinkage-based estimators have been shown to be effective in regression problems such as multicollinearity 

which voids the independently identically distributed (IID) assumption on which most regression analysis is based. 

Estimation based on minimizing the sum of squares is not satisfactory because it is practically impossible to interpret 

the regression coefficient estimates optimally. The ridge parameter and other shrinkage parameters can be applied to 

improve the efficiency of the estimators when the explanatory variables are too related. We proposed a modified 

estimator for the beta regression by augmenting the ridge parameter to optimize industrial and traditional processes, 

modelling the dependence of a continuous random variable that assumes values in the standard unit interval [0,1], 

called the beta modified ridge-type estimator (BMRT) to cushion the effect of multicollinearity. Finally, simulation 

and real-life data are used to show the advantages of the proposed estimator over similar existing ones. 

Keywords: Shrinkage-based, Multicollinearity, Beta regression; Ridge parameter and Modified ridge-type regression. 

1.0 INTRODUCTION 

The Beta ridge regression (BRR) model is a type of 

shrinkage-based estimator, and it is used when 

practitioners find the need to model the beta distributed 

continuous variable that is affected by the problem of 

collinearity among the explanatory variables. Qasim et. 

al., (2021) introduced a BRR to combat multicollinearity 

when the dependent variable is explained as such that 

assumes values in the interval (0,1). The modelling of 

events with this unique property in the presence of 

multicollinearity will void the independently identically 

distributed (IID) assumption but it is more powerful in 

real-life contexts. If multicollinearity occurs in a given 

dataset, the obtained maximum likelihood (ML) 

estimators are usually unstable with a high variance 

resulting in low statistical significance. Hence, 

Multicollinearity can cause a great deal of 

misunderstanding in studies with two or more 

explanatory variables if not properly addressed. In 

addition, most design matrices tends towards singularity 

in presence of multicollinearity. As such, 𝑋  and the 

respective 𝑋′𝑋 matrix will not be of full rank. In cases 

like this, it is impossible to optimally identify the 

ordinary least squares (OLS) estimate. Therefore, the 

presence of multicollinearity among explanatory variable 

needs to be taken into consideration since extracting the 

greatest possible amount of information from the dataset 

at hand is the optimum goal of carrying out analysis. As 

such, it is required from the onset to test for 

multicollinearity amongst explanatory variables since 

relationships among independent variables is 

 
 

unavoidable in most real-life cases. Traditional methods 

are credibly limited in predicting the compressive 

strength of concrete, as minimum effect that has no or 

negligible impact on the coefficients when performing 

RR as investigated by Chopra et. al. (2013). 

 

A lot of methods have been proposed to fix the problem 

of multicollinearity as it has received increased attention 

over the years, recently some estimators were introduced 

to combat the problem of multicollinearity in beta 

regression, estimators such as beta ridge regression 

estimator (Qasim et. al., 2021) and Liu estimator for beta 

regression (Karlsson et. al., 2020). Jeremia et al. (2020), 

obtained a Robust Ridge estimator by combining the 

Ridge method and robust regression. Yahya (2019) 

examined the performance of inverse Gaussian ridge 

regression estimators. Cribari-Neto (2023) adopted beta 

regresson n analyss COVD-19 death cases. However, this 

study follow the improvements proposed by Lukman et. 

al., 2019 in obtaining an estimator to better cushion the 

effects of multicollinearity in beta regression.Based on 

the study and review of existing estimators by Kibria and 

Lukman (2020), Muniz et. al., 2012 proposed new 

estimators for obtaining the optimum shrinkage 

parameter 𝑘 , particularly recommended when dealing 

with models with high residual variances, the researchers 

studied the investment decisions making, considering the 

presence of financial limitations which are mostly 

correlated. This study made an improvement on the 

existing estmator in handling multcolinearity in 

regression.  
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The organization of this paper follows: proposal and 

derivation of properties of the beta modified ridge-type 

estimator in Section 2. Theoretical comparison in Section 

3 and discussion of the shrinkage parameter in Section 4. 

Simulation study to investigate the performance of the 

proposed estimator in Section 5. Real-life data was 

evaluated in Section 6 and we gave a conclussion in 

Section 7. 

 

2.0 MATERIALS AND METHODS 

2.1. The Beta model 

Suppose 𝑦1, 𝑦2… , 𝑦𝑛  are outcome of the random 

variable, Y∼ 𝛽𝑒(𝑎, 𝑏)  with parameters 𝑎, 𝑏 > 0  and 

with probability density function;  

 𝑓(𝑦; 𝑎, 𝑏) =
Γ(𝑎+𝑏)

Γ(𝑎)Γ(𝑏)
𝑦𝑎−1(1 − 𝑦)𝑏−1, 𝑦 ∈ (0,1) (1) 

where Γ(⋅) is the gamma function and 𝑎, 𝑏 > 0, with 

𝜇 =
𝑎

(𝑎+𝑏)
 and 𝑉(𝑌) = 𝑎𝑏/{(𝑎 + 𝑏)2(𝑎 + 𝑏 + 1)}. 

 

Ferrari and Cribari-Neto, (2004) then proposed the new 

parametrization of the density function as given as 

follows.  

 

Suppose 𝜇 = 𝑎/(𝑎 + 𝑏)  and 𝜗 = 𝑎 + 𝑏 , then the pdf 

becomes;  

 𝑓(𝑦; 𝜇, 𝜗) =
Γ(𝜗)

Γ(𝜇𝜗)Γ(𝜗−𝜇𝜗)
𝑦𝜇𝜗−1(1 − 𝑦)𝜗−𝜇𝜗−1, 𝑦 ∈ (0,1), (2) 

where 𝑌 ∼ 𝛽𝑒(𝜇, 𝜗) in the interval (0,1), 𝜇(0 < 𝜇 < 1) 
and precision parameter 𝜗(𝜗 > 0), with reparametrized 

mean and variance E(𝑌) = 𝜇  and 𝑉(𝑌) = 𝜇(1 − 𝜇)/
(1 + 𝜙)  𝜙  is called the dispersion parameter (𝜙 =
𝜗−1) . The BRM is obtained using the link 

function: 𝑔(𝜇𝑖) = 𝜂𝑖 = 𝑥𝑖
𝑡𝛽  where 𝑥𝑖  is the 𝑖𝑡ℎ  row 

𝑛 × 𝑝 matrix, 𝛽 = (𝛽1, 𝛽2,… , 𝛽𝑝)
𝑡
 is a 𝑝 × 1 vector of 

the unknown regression coefficients, the link predictor 

𝜂𝑖 and 𝑔(. ) is the link function of the BRM.  

Using the Logit link function:  

 𝑔(𝜇𝑖) = log (
𝜇𝑖

1−𝜇𝑖
), 

  

 

𝜇𝑖 =
exp(𝑥𝑖

𝑡𝛽)

1+exp(𝑥𝑖
𝑡𝛽)
. (3) 

where 𝜇𝑖  is the mean response function. Since 𝜂 

depends on 𝛽 and the mean response 𝜇 is a function of 

𝜂, the means 𝜇1, 𝜇2…𝜇𝑛  are functions of 𝛽. The log-

likelihood function is expressed as:  

ℓ(𝛽) = ∑𝑛𝑖=1 ℓ𝑖(𝜇𝑖 , 𝜗) = ∑
𝑛
𝑖=1 [

logΓ(𝜗) − logΓ(𝜇𝑖𝜗) − logΓ(𝜗 − 𝜇𝑖𝜗) + (𝜗𝜇𝑖 − 1)log𝑦𝑖 +
(𝜗 − 𝜗𝜇𝑖 − 1)log(1 − 𝑦𝑖) ] (4) 

 

Fisher’s scoring iterative procedure within the Newton Raphson methods for estimating parameter vector 𝛽 

as:  

 𝛽𝑚+1 = 𝛽𝑚 + {
𝜕2ℓ(𝛽)

𝜕𝛽𝑗𝛽𝑘
(𝛽𝑚)}

−1

𝛿(𝛽𝑚), (5) 

 where 𝛿(𝛽𝑚) is the first derivative and 𝑚 = 0,1,2, . .. are iterations which are carried out until convergence. The 

second derivative w.r.t 𝛽𝑘 becomes:  

 
𝜕2ℓ(𝛽)

𝜕𝛽𝑗𝛽𝑘
= ∑𝑛𝑖=1 𝜗

−1 (
𝜕ℓ(𝛽)

𝜕𝛽𝑘
) (

𝑦𝑖−𝜇𝑖

𝑉(𝜇𝑖)

𝑑𝜇𝑖

𝑑𝜂𝑖
𝑥𝑗𝑖) 

  

 = ∑𝑛𝑖=1 𝜗
−1

[
 
 
 
 
 
 
 {𝑉(𝜇𝑖)

−1 (
𝑑𝜇𝑖

𝑑𝜂𝑖
)
2

}

                          −(𝜇𝑖 − 𝑦𝑖) ×

{
 
 

 
 𝑉(𝜇𝑖)

−2 (
𝑑𝜇𝑖

𝑑𝜂𝑖
)
2 𝜕𝑉(𝜇𝑖)

𝜕𝜇𝑖

                        −𝑉(𝜇𝑖)
−1 (

𝜕2𝑉(𝜇𝑖)

𝜕𝜂𝑖
2 )

}
 
 

 
 

]
 
 
 
 
 
 
 

𝑥𝑗𝑖𝑥𝑘𝑖 . (6) 

 With the final estimation algorithm defined as:  

 𝛽𝑚 = (𝑋𝑡𝑊𝑚𝑋)
−1𝑋𝑡𝑊𝑚𝑧𝑚, (7) 

 where 𝑊𝑚 = 𝑑𝑖𝑎𝑔[{𝑔(𝜇𝑖)}
2𝑉(𝜇𝑖)𝜗]

−1, 𝑔(. )  is the logit link function and 𝑧𝑚 = log(𝜇𝑖) +
𝑦𝑖−𝜇𝑖

𝜇𝑖(1−𝜇𝑖)
. Since 𝛽𝑚 

converges to 𝛽𝑀𝐿 as 𝑚 → ∞, giving a MLE of the form;  

 𝛽̂𝑀𝐿 = (𝑋
𝑡𝑊𝑋)−1𝑋𝑡𝑊𝑧 (8) 

 where W and z are estimated at the final iteration. The variance of the MLE equals:  

 𝑉(𝛽̂𝑀𝐿) = 𝜙(𝑋
𝑡𝑊𝑋)−1 (9) 
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 The MSE:  

 𝑀𝑆𝐸(𝛽̂𝑀𝐿) = E(𝛽̂𝑀𝐿 − 𝛽)
𝑡(𝛽̂𝑀𝐿 − 𝛽) = 𝑡𝑟𝑎𝑐𝑒{𝜑(𝑋𝑡𝑊𝑋)−1} = 𝜑∑

𝑝
𝑗=1

1

𝜆𝑗
 (10) 

  

2.2 The BRR Estimator 

The beta ridge regression estimator  𝛽̂𝐵𝑅𝑅  was defined by Qasim et al. (2020) in generalized form as;  

  𝛽̂𝐵𝑅𝑅  = (𝑋
𝑡𝑊𝑋 + 𝐾𝐼)−1𝑋𝑡𝑊𝑋  𝛽̂𝑀𝐿) (11) 

  

 
𝑉( 𝛽̂𝐵𝑅𝑅  ) = 𝜑[(𝑋𝑡𝑊𝑋 + 𝐾𝐼)−1𝑋𝑡𝑊𝑋(𝑋𝑡𝑊𝑋 + 𝐾𝐼)−1]

 (12) 

  

 𝐵𝑖𝑎𝑠(𝛽̂𝐵𝑅𝑅  ) = 𝐸(𝛽̂𝐵𝑅𝑅  ) − 𝛽 = −𝑘(𝑋𝑡𝑊𝑋 + 𝐾𝐼)−1𝛽 (13) 

  

𝑀𝑆𝐸( 𝛽̂𝐵𝑅𝑅  ) = 𝑡𝑟𝑎𝑐𝑒[𝜑{𝑋𝑡𝑊𝑋 + 𝐾𝐼)−1𝑋𝑡𝑊𝑋(𝑋𝑡𝑊𝑋 + 𝐾𝐼)−1}] + 𝐾2𝛽𝑡(𝑋𝑡𝑊𝑋 + 𝐾𝐼)−2𝛽 

  

 = 𝜑∑
𝑝
𝑗=1

𝜆𝑗

(𝜆𝑗+𝑘)
2 + ∑

𝑝
𝑗=1

𝑘2𝛾𝑗
2

(𝜆𝑗+𝑘)
2, (14) 

 where 𝜆𝑗(𝜆1, … , 𝜆𝑝) > 0 is the eigen values of the matrix 𝑋𝑡𝑊𝑋 𝛾𝑗
2 is the 𝑗𝑡ℎ element of 𝜉𝑡𝛽𝑀𝐿  and 𝜉 is the 

matrix of eigenvectors 𝑋𝑡𝑊𝑋, i.e., 𝜉 = (𝜉1, … , 𝜉𝑝) and 𝜉𝑗 is the jth eigenvector of 𝑋𝑡𝑊𝑋, such that 𝑋𝑡𝑊𝑋 = 𝜉Λ𝜉𝑡  

and Λ = 𝑑𝑖𝑎𝑔(𝜆𝑗)  

 

2.3  The Proposed Estimator 

In this section, we adopted the modified ridge type estimator (MRT) as developed by Lukman et al. (2019), into the 

beta regression model. The proposed beta modified ridge-type estimator is defined as follows;  

  𝛽̂𝐵𝑀𝑅𝑇  (𝐾𝑑) = (𝑋
𝑡𝑊𝑋 +𝐾(1 + 𝑑)𝐼)−1𝑋𝑡𝑊𝑋𝛽̂𝑀𝐿) = ℜ𝐾𝑑  𝛽̂𝑀𝐿  (15) 

 where ℜ𝐾𝑑 = 𝑋𝑡𝑊𝑋 +𝐾(1 + 𝑑)𝐼)−1𝑋𝑡𝑊𝑋.  

 ( 𝛽̂𝐵𝑀𝑅𝑇) = 𝐸( 𝛽̂𝐵𝑀𝑅𝑇) −  𝛽̂𝑀𝐿 

  

 = [(𝑋𝑡𝑊𝑋 + 𝐾(1 + 𝑑)𝐼)−1𝑋𝑡𝑊𝑋) − 𝐼] 𝛽̂𝑀𝐿 

  

 = (𝑋𝑡𝑊𝑋 + 𝐾(1 + 𝑑)𝐼)−1[𝑋𝑡𝑊𝑋 − (𝑋𝑡𝑊𝑋 + 𝐾(1 + 𝑑)𝐼)]𝛽̂𝑀𝐿 

  

 = −𝐾(1 + 𝑑)𝐺𝐾 𝛽̂𝑀𝐿 . (16) 

 where 𝐺𝑘 = (𝑋′𝑊𝑋 + 𝐾(1 + 𝑑)𝐼)
−1. 

Therefore,  

 𝑀𝑆𝐸(𝛽̂𝐵𝑀𝑅𝑇) = 𝑡𝑟[𝑉( 𝛽̂𝐵𝑀𝑅𝑇) + 𝐵𝑖𝑎𝑠( 𝛽̂𝐵𝑀𝑅𝑇)𝐵𝑖𝑎𝑠( 𝛽̂𝐵𝑀𝑅𝑇)′] 
  

 = 𝜑∑
𝑝
𝑖=1

𝜆𝑖

(𝜆𝑖+(𝐾(1+𝑑))
2 + 𝐾(1 + 𝑑)

2 ∑𝑝𝑖=1
𝛽𝑖
2

(𝜆𝑖+(𝐾(1+𝑑))
2 

  

2.4  MSE Comparison 

2.4.1   BMRT vs BML 

Considering biased estimators using the MSE criterion as a measure of performance, the  𝛽̂𝑀𝐿 and  𝛽̂𝐵𝑀𝑅𝑇(𝐾, 𝑑). If 

𝐾 > 0,0 < 𝑑 < 1, the 𝛽̂𝐵𝑀𝑅𝑇(𝐾, 𝑑) performs better than its corresponding  𝛽̂𝑀𝐿  if; 

𝑀𝑆𝐸[ 𝛽̂𝑀𝐿] − 𝑀𝑆𝐸[ 𝛽̂𝐵𝑀𝑅𝑇] > 0, i.e.,  

 = 𝜑∑
𝑝
𝑖=1

1

𝜆𝑖
− 𝜑∑

𝑝
𝑖=1

𝜆𝑖

(𝜆𝑖+(𝐾(1+𝑑))
2 + (𝐾(1 + 𝑑))

2∑𝑝𝑖=1
𝛽𝑖
2

(𝜆𝑖+(𝐾(1+𝑑))
2 > 0 (17) 

 For all 𝐾 > 0,0 < 𝑑 < 1.  

 
𝜕𝑀𝑆𝐸( 𝛽̂𝐵𝑀𝑅𝑇)

𝜕𝐾(1+𝑑)
= −2∑

𝑝
𝑖=1

𝜑𝜆𝑖+𝐾𝜆𝑖𝛽𝑖
2

(𝜆𝑖+(𝐾(1+𝑑))
3 > 0 (18) 

  

2.4.2  BMRT vs BRR 
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The proposed estimator is being compared to the beta ridge regression (BRR) estimator. The MSE of the BRR is 

defined as;  

 𝑀𝑆𝐸( 𝛽̂𝐵𝑅𝑅) = 𝜑∑
𝑝
𝑖=1

𝜆𝑖

(𝜆𝑖+𝐾)
2 + 𝐾

2∑𝑝𝑖=1
𝛽𝑖
2

(𝜆𝑖+𝐾)
2 (19) 

 The dispersion matrix 𝐷(𝛽̂𝐵𝑅𝑅) is expressed as;  

 𝐷( 𝛽̂𝐵𝑅𝑅) = 𝜑2(Λ + 𝐾𝐼)−1Λ(Λ + 𝐾𝐼)−1 (20) 

 The superiority of  𝛽̂𝐵𝑀𝑅𝑇(𝐾, 𝑑) over  𝛽̂𝐵𝑅𝑅  is justified as follows;  

 𝐷[𝛽̂𝐵𝑅𝑅] − 𝐷[ 𝛽̂𝐵𝑀𝑅𝑇] > 0 (21) 

  

 = 𝜑[Λ(Λ + 𝐾𝑑𝐼)−1Λ(Λ + 𝐾𝑑)−1 − (Λ + 𝐾(1 + 𝑑)𝐼)−1Λ(Λ + 𝐾(1 + 𝑑)𝐼)′] 
  

𝐷 = 𝜑(Λ + 𝐾𝐼)−1(Λ + 𝐾(1 + 𝑑)𝐼)−1[𝐾𝑑(2Λ + 2𝐾 + 𝐾𝑑)](Λ + 𝐾(1 + 𝑑)𝐼)−1(Λ + 𝐾𝐼)−1 (22) 

 

It can be observed that for 𝐾 > 0,0 < 𝑑 < 1 D is positive finite  

 

2.5  Selection of parameters k and d 

The biasing parameters for the proposed BMRT estimator was obtained following the work of Lukman et al., (2019) 

k and d can be obtained iteratively as follows;    

           • Obtain an initial estimate of d using  

  𝑑̂ = min (
𝜑

𝛾𝑖
2), where, 𝜑 = (1/(𝑛 − 𝑝))∑𝑛𝑖 ((𝑦𝑖 −  𝜃𝑖̂ )

2/𝜃𝑖
2).   

    • Obtain 𝐾𝐿𝑊𝑃 using from 1 : 𝐾𝐿𝑊𝑃 =
𝑝𝜑

∑𝜆𝑗(1+𝑑𝑚𝑟𝑡) ⌢ 𝛽𝑖
2   

    • Estimate    max

1 2

max max

1
BMRTd



 −

−
=

+
 

    • In case  𝑑̂𝑀𝑅𝑇  is not between 0 and 1, use  𝑑̂𝑀𝑅𝑇 =  𝑑̂  

 

2.6  Numerical Evaluation 

2.6.1  Performance Criteria 

This section evaluates numerically, the behaviour of the 

proposed estimator when the explanatory variables are 

highly linearly inter-correlated. the performance of the 

proposed BMRT is evaluated under various conditions 

during simulation and real-life data using the MSE 

criteria.  

 

2.6.2  Monte Carlo Simulation 

The numerical evaluations were obtained following the 

beta regression model;  

 log (
𝜇𝑖

1−𝜇𝑖
) = (𝛽0 + 𝛽1𝑥𝑖1 +

⋯+ 𝛽𝑝𝑥𝑖𝑝)
−1
, 𝑖 = 1,2, … , 𝑛, 𝑗 = 1,2, … 𝑝. (23) 

where 𝑥𝑖𝑗  , 𝜷𝒋  are the covariates and regression 

coefficients respectively. ∑
𝑞
𝑗=1 𝛽𝑗

2 = 1  (Kibria and 

Lukman (2020)) when the intercept is considered to be 

zero. The beta regression model is defined using the logit 

link function and the response variable are generated as 

𝑦𝑖 ∼ 𝛽𝑒(𝜇𝑖 , 𝜑) , the correlated independent variables 

were generated as follows; 

 

 𝑥𝑖𝑗 = (1 −

𝜌2)( 1 / 2 )𝜔𝑖𝑗 + 𝜌𝜔𝑖(𝑗+1) (24) 

 

where, 𝜌  is the level of correlation between the 

explanatory variables expressed as 𝜌2 , 𝜔𝑖𝑗  are the 

independent standard normal pseudorandom numbers. 

The initial estimates for 𝛽𝑗 were obtained from the OLS 

estimate i.e. (𝑋𝑡𝑋)−1𝑋𝑡𝑦∗,  where 𝑦∗ =
{𝑔(𝑦1), 𝑔(𝑦2), … , 𝑔(𝑦𝑛)}

𝑡 

 

The behaviour of the proposed estimator was observed 

under varying correlation coefficients among the 

explanatory variables (𝜌2 = 0.70,0.80,0.90 ), the 

number of independent variables (𝑝 = 4,8) and sample 

sizes (𝑛 = 20,50).  

 

3.0  RESULTS AND DISCUSSION 

3.1 Simulation Study 

The results from simulation is provided in Tables 1 and 

2, 𝑛 = 20,50  respectively. The results show that the 

proposed BMRT estimator outperforms existing 

estimators. It was observed that the higher the correlation 

coefficient and sample size, the higher the mean square 

error supporting theoretical claims. Furthermore, it was 

observed generally that the shrinkage-based estimators 

outperform the MLE in the presence of multicollinearity. 
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Table  1: Estimated MSEs of the estimators when n=20 

   

n=20  

    

p=4  

        

n=20  

  

p=8  

  

k   d   𝜑   OLS   RE   MRT   OLS   RE   MRT  

         𝜌 = 0.7       𝜌 = 0.7    

0.3   0.2   1   61.782   2.445   2.1   19.053   5.013   4.354  

    5   308.912   12.226   10.498   95.265   25.067   21.768  

    15   926.735   36.678   31.494   285.795   75.2   65.303  

    25   1544.56   61.131   52.49   476.325   125.333   08.838  

0.7   0.5   1   61.782   1.38   1.177   19.053   2.484   1.756  

    5   308.912   6.898   5.886   95.265   12.422   8.78  

    15   926.735   20.694   17.659   285.795   37.264   26.34  

    25   1544.56   34.49   29.431   476.325   62.107   43.9  

0.9   0.8   1   61.782   1.241   1.057   19.053   1.999   1.269  

    5   308.912   6.206   5.284   95.265   9.993   6.344  

    15   926.735   18.617   15.853   285.795   29.98   19.031  

    25   1544.56   31.028   26.421   476.325   49.966   31.718  

        𝝆 = 𝟎. 𝟖       𝝆 = 𝟎. 𝟖    

0.3   0.2   1   89.413   2.192   1.902   27.261   5.315   4.531  

    5   447.067   10.961   9.508   136.305   26.578   22.654  

    15   1341.2   32.884   28.524   408.914   79.732   67.961  

    25   2235.33   54.807   47.539   681.523   132.887   113.269  

0.7   0.5   1   89.413   1.31   1.143   27.261   2.442   1.698  

    5   447.067   6.549   5.715   136.305   12.208   8.488  

    15   1341.2   19.646   17.144   408.914   36.625   25.465  

    25   2235.33   32.743   28.573   681.523   61.042   42.442  

0.9   0.8   1   89.413   1.196   1.041   27.261   1.94   1.232  

    5   447.067   5.98   5.204   136.305   9.7   6.162  

    15   1341.2   17.94   15.612   408.914   29.099   18.485  

    25   2235.33   29.899   26.02   681.523   48.499   30.809  

        𝝆 = 𝟎. 𝟗       𝝆 = 𝟎. 𝟗    

0.3   0.2   1   175.219   1.824   1.627   52.441   5.299   4.373  

    5   876.097   9.12   8.135   262.205   26.495   21.868  

    15   2628.29   27.361   24.406   786.616   79.486   65.599  

    25   4380.49   45.602   40.677   1311.03   132.477   109.332  

0.7   0.5   1   175.219   1.224   1.102   52.441   2.178   1.513  

    5   876.097   6.121   5.509   262.205   10.888   7.563  

    15   2628.29   18.362   16.526   786.616   32.665   22.689  

    25   4380.49   30.603   27.543   1311.03   54.441   37.814  

0.9   0.8   1   175.219   1.142   1.021   52.441   1.721   1.14  

    5   876.097   5.709   5.105   262.205   8.604   5.701  

    15   2628.29   17.126   15.314   786.616   25.812   17.104  

    25   4380.49   28.543   25.523   1311.03   43.019   28.507  

 

   

Table  2: Estimated Mean SEs of the estimators when n=50 

  n=50     p=4         n=50   p=8    

K   D   𝜑   OLS   RE   MRT   OLS   RE   MRT  

         𝜌 = 0.7       𝜌 = 0.7    

0.3   0.2   1   20.718   2.752   2.305   3.862   2.805   2.654  

    5   103.59   13.761   11.523   19.311   14.025   13.271  
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    15   310.77   41.284   34.57   57.933   42.075   39.813  

    25   517.96   68.806   57.616   96.554   70.125   66.355  

0.7   0.5   1   20.718   1.324   1.064   3.862   2.025   1.627  

    5   103.59   6.621   5.318   19.311   10.124   8.137  

    15   310.77   19.862   15.954   57.933   30.371   24.411  

    25   517.96   33.103   26.59   96.554   50.618   40.685  

0.9   0.8   1   20.718   1.143   0.93   3.862   1.776   1.253  

    5   103.59   5.713   4.649   19.311   8.879   6.264  

    15   310.77   17.138   13.948   57.933   26.636   18.792  

    25   517.96   28.564   23.247   96.554   44.393   31.321  

        𝝆 = 𝟎. 𝟖       𝝆 = 𝟎. 𝟖    

0.3   0.2   1   29.911   2.518   2.095   5.524   3.551   3.305  

    5   149.55   12.589   10.477   27.62   17.776   16.525  

    15   448.66   37.768   31.431   82.86   53.327   49.574  

    25   747.77   62.946   52.386   138.1   88.878   82.624  

0.7   0.5   1   29.911   1.234   1.022   5.524   2.339   1.793  

    5   149.55   6.169   5.112   27.62   11.695   8.961  

    15   448.66   18.506   15.337   82.86   35.085   26.907  

    25   747.77   30.843   25.562   96.554   58.474   44.846  

0.9   0.8   1   29.911   1.086   0.917   5.524   1.991   1.328  

    5   149.55   5.428   4.585   27.62   9.957   6.638  

    15   448.66   16.284   13.756   82.86   29.871   19.914  

    25   747.77   27.14   22.927   96.554   49.786   33.19  

        𝝆 = 𝟎. 𝟗       𝝆 = 𝟎. 𝟗    

0.3   0.2   1   58.36   2.022   1.702   10.625   4.945   4.414  

    5   291.8   10.108   8.511   53.125   24.726   22.071  

    15   875.41   30.323   25.534   159.37   74.177   66.213  

    25   1459   50.538   42.556   265.62   123.63   110.36  

0.7   0.5   1   58.36   1.107   0.972   10.625   2.677   1.897  

    5   291.8   5.533   4.86   53.125   13.384   9.483  

    15   875.41   16.598   14.581   159.37   40.152   28.45  

    25   1459   27.664   24.301   265.62   66.92   47.417  

0.9   0.8   1   58.36   1.012   0.905   10.625   2.163   1.34  

    5   291.8   5.06   4.523   53.125   10.817   6.697  

    15   875.41   15.179   13.568   159.37   32.452   20.09  

    25   1459   28.299   22.613   265.62   54.087   33.484  

   

3.2  An Empirical Application 

An investigation of the effect of some explanatory 

variables on the response variable using a dataset 

consisting of 32 observations on the proportion of crude 

oil converted to gasoline after fractional distillation was 

recently used by Karlsson, Mansson and Kibria [5]. The 

independent variables, firstly, oil gravity (𝑥1),  as 

measured by the American Petroleum Institute Index by 

evaluating the density of a liquid. Secondly, the vapour 

pressure (𝑥2) exerted by the crude oil using the Reid 

vapour pressure defined as the pressure required to 

supress a liquid from vaporizing at 100 0𝐹 . finally, the 

temperature  0𝐹  at which 10 percent of the crude oil 

evaporated (𝑥3) .  

 

The presence of multicollinearity among the explanatory 

variables was confirmed in Table 3 with condition index 

of the independent variables equals 83.3 and the eigen 

values ( 𝜆1 = 1957272, 𝜆2 = 3709.846, 𝜆3 =
75.255).   

 
Table  3: The correlation matrix of the explanatory 

variable of the gasoline yield data 

Variables X1 X2 X3 

X1 1   

X2 0.62 1  

X3 -0.7 -0.91 1 

 

The results of the mean square error of the regression 
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coefficient are in Table 4. 

The estimated values of 𝐾  and 𝑑  are 0.2385617, 

0.9999774 respectively. The proposed estimator BMRT 

has been shown to outperform existing estimators using 

MSE criteria. 

  

Table 4: Estimated MSE of Regression coefficients 

Variable 

Name 

ML BRE BMRT 

Gravity -0.0021 -0.0021 -0.0021 

Pressure 0.1505 0.15046 0.15041 

Tempten 0.00416 0.00416 0.00416 

MSE 0.20039 0.19915 0.19792 

 

   

4.0  CONCLUSION  

We introduced a beta ridge regression (BMRT) estimator 

in this study. Analytically, we demonstrate that the novel 

estimator outperforms the industry standard MLE and 

BRR. The shrinkage parameters were then determined 

using the derived MSE and earlier studies for the linear 

model. To compare the performance of the suggested 

estimators under different circumstances, including the 

quantity of explanatory variables, degree of correlation, 

and sample size, a simulation study has been carried out. 

It was observed that our proposed estimator performed 

better than some existing estimators using the MSE 

criteria and therefore recommended for practitioners 
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